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              Vibration analysis of carbon nanotubes (CNTs) is very essential field owing to 
their many promising applications in tiny instruments. The unique and interesting 
properties of CNTs, particularly their mechanical and electrical features, have fascinated 
industries and researchers to implement CNTs for production of different 
electromechanical devices. Research on vibration behavior of CNTs has been done for a 
few decades. Accordingly, a number of mathematical theories have been developed to 
analyze the vibration of CNTs. Most of the articles on the vibration of CNTs are focused 
on the linear and free vibrations and also, CNTs are supported by linear foundations. The 
main goal of this research is to develop nonlinear vibration analysis of CNTs having 
geometrical nonlinearity and being rested on nonlinear Winkler and Pasternak 
foundations. The nonlinear vibrations of the curved CNTs are developed using the 
Eringen theory in conjunction with the Euler-Bernoulli beam model and the thermal 
effect is also considered for the vibration of CNTs. The effects of fluid conveying flow, 
geometrical nonlinearities and Winkler and Pasternak foundations are studied. Nonlinear 
equations of CNTs vibration postulating the longitudinal electromagnetic effect is also 
modeled. Furthermore, a new method is developed for the nonlinear vibrations of 
freeform carbon nanotube based on the Euler-Bernoulli beam theory in conjunction with 
Non-Uniform Rational B-Spline (NURBS). The proposed model is quite straightforward 
for the vibrational analysis of the curved structures. Moreover, the chaotic motions of the 
fluid conveying carbon nanotube rested on a Winkler and Pasternak foundation are 
studied. The bifurcation and time history diagrams, phase-plane trajectories and Poincaré 
sections are presented to examine the dynamical behavior of carbon nanotubes. The 
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Galerkin approach in conjunction with the multiple time scales method is chosen to study 
the nonlinear vibrations of the proposed models. The effects of different parameters on 
the primary and secondary resonant cases and also the nonlinear and linear frequencies of 
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  Introduction Chapter 1:
1.1.  CARBON NANOTUBES 
               Carbon nanotubes (CNTs) are fascinating new materials with astonishing 
mechanical, optical and electrical properties [1]. They are generated by rolling of the 
graphene sheet [2, 3].  The carbon nanotube sheet includes hexagonal lattices of carbon 
atoms, which are ideally cut to generate a tube. Actually, a carbon nanotube is a rolled 
graphene sheet and the way that is rolled indicates the fundamental properties of a tube, 
and that is actually the main reason for the extraordinary feature of the CNTs [4]. These 
cylindrical structures have many fascinating and valuable properties which have several 
potential applications in different fields [2].  
             In order to define the honeycomb lattice of the CNT, two vectors 1a and 2a  are 
defined. Thus, the following formulation is provided for the chiral vector hC of the CNTs,
21 manaCh  , in which ).( mn  are number of steps along the zigzag carbon bonds. The 
armchair carbon nanotube is usually defined by a ),( nn vector and the zigzag carbon 
nanotube is presented by a )0,(n  vectors. The third type is called chiral [4, 5].  
            Practically, index n  represents how many hexagonal lattices relate to a diametric 
ring of a CNT, and the index m  shows the slope of the arrangement of the hexagonal 
2 
 
lattice along the longitudinal axis of specific nanotube [4].  Figure 1.1 shows the 
graphene sheet labeled with the integers (n, m) [1].  The diameter, chiral angle, and type 
of the carbon nanotubes can be found by knowing the integers (n, m).  Three main types 
of the carbon nanotubes, namely, armchair, zigzag and chiral are presented in Figure 1.2 
[2].    













Figure 1-2  Three main types of the single walled carbon nanotubes [2]. 
1.2. CARBON NANOTUBE, PROPERTIES AND APPLICATIONS 
Owing to the exceptional properties of the carbon nanotubes, they have a number 
of potential applications, and many of these could have substantial impression on the 
industries of twenty-first century [6]. In this section of the chapter, properties and 
applications of the CNTs are succinctly reviewed. The outline of this section is as 
follows: 
1.2.1. Properties of the CNTs 
1.2.1.1. Mechanical properties  
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1.2.1.2. Thermal conductivity 
1.2.1.3. Electrical conductivity   
1.2.1.4. Optical properties 
1.3.1.  Applications of the CNTs  
1.2.1. Properties of CNTs:  
Elemental carbon in the sp
2
 can build a range of marvellous structures [7].  The 
tubular carbon structures were recently reported in a well-known  article in the Nature 
[3]. There are two main types of CNTs: single-walled carbon nanotubes (SWNT) and 
multi-walled carbon nanotubes (MWNT) [8].   A layer of carbon sheet is the main 
element of SWNT.  The atomic structure of SWNT is shown in Figure 1.3 [9].  The 
MWNT structure can be theorized by wrapping many graphite layers into a concentric 
seamless cylinder [1].  Figure 1.4 shows a TEM image of MWNT [10].  
 
Figure 1-3 Scanning tunneling microscope (STM) image of a SWNT generated by laser 
vaporization. The axes of tube is shown by solid arrow, and the dashed line shows the 




Figure 1-4 Transmission electron microscope (TEM) image of a MWNT containing a 
concentrically nested array of nine SWNT [10]. 
         Carbon nanotubes are very appropriate structures for different applications owing to 
their extraordinary properties.  There is the possibility of using carbon nanotubes as high-
capacity hydrogen storage due to the surprisingly high and reversible hydrogen 
adsorption in CNTs [11]. They are also the main elements of electronic devices including 
single electron transistors, rectifying diodes and for logic circuits due to their 
extraordinary electrical properties [12]. They are also utilized as battery electrodes 
because of the large irreversible capacities and voltage hysteresis [7]. In the following 




1.2.1.1. Mechanical Properties of CNTs  
       Graphite has very high elasticity and therefore CNTs may have very high Young’s 
modulus because they have been made from sheets of graphite.  The experimental 
procedure was initially difficult in order to find the Young’s moduli of the CNTs, and 
accordingly many researchers tried to theoretically explore the value of the Young’s 
moduli for the CNTs [7]. Based on the one of the reliable theories, a Young’s modulus 
about 1 TPa has been predicted for the SWNTs of various chiralities and about the same 
radius [13]. The experimental methods have been developed to find the mechanical 
properties of the CNTs. One of the experimental methods is to subject the CNT to radial 
compression with a proximal probe tip [6].  The radial compressive elastic modulus of 
MWNTs and graphite are compared in Figure 1.5. As evidenced by this figure, MWNTs 





Figure 1-5  Measured radial compressive elastic moduli of CNTs and graphite under an 
increasing normal force [6, 14]. 
To provide an explanation regarding the CNTs’ response to loading, it can be 
highlighted that CNTs can be deformed readily by bending, twisting, or otherwise 
deforming them [6]. Figure 1.6 represents a high-resolution electron microscopy image of 
a bent SWNT [6, 15]. It is observed when the CNT is returned to its original position that 
there is no plastic deformation as a result of the bending. 
The simulations of the twisting of SWNTs are shown in Figure 1.7. This figure 
represents effects of the twisting on the system’s energy. It is actually a very interesting 





Figure 1-6 High-resolution electron microscopy image of a bent SWNT that has a 
diameter of 1.2nm. The gap between the kink and the upper wall is about 0.4 nm [6, 15]. 
 
 
Figure 1-7 The energy of a zigzag (13, 0) SWNT as a function of torsion angle ϕ and 




1.2.1.2. Thermal conductivity  
The thermal properties of the carbon nanotubes play a critical role in the adjusting 
of the performance and stability of the nanotube instruments [16]. CNTs have very high 
thermal conductivity with the experimentally determined values K ≈ 3000 W/mK and K ≈ 
3500 W/mK for the MWNTs and SWNTs, respectively. The abovementioned values are 
greater than the thermal conductivity of diamond. The obtained experimental values for 
the CNTs have been theoretically confirmed by researchers, although there is some 
discrepancy for experimental values based on the theoretical results.  An extraordinarily 
high value, K ≈ 6600 W/mK, has been predicted for the insulated CNT at room 
temperature using the molecular dynamics simulations. Based on the molecular dynamic 
study, the range 1500-3000 W/mK has been predicted for the SWCNTs [17]. Figure 1.8 
shows the thermal conductance of a MWNT with a diameter nmd 14 .  As evidenced by 
Figure 1.8, the thermal conductance increases by increasing of the temperature. The 
thermal conductance reaches to a peak value which is approximately  7106.1  W/K near 
the room temperature before decreasing at higher temperature [16].  Figure 1.9 discloses 
thermal conductivity of SWNTs and MWNTs in comparison with other heat transfer 
materials. As seen from the figure, SWNTs and MWNTs have very high thermal 





Figure 1-8  The thermal conductance of an individual MWNT of a diameter 14 nm. Solid 
lines represent linear fits of the data in a logarithmic scale at different temperature ranges. 
The slopes of the line fits are 2.50 and 2.01, respectively. Lower inset: Solid line 
represents )(Tk of an individual MWNT ( nmd 14 ). Broken and dotted lines represent 
small ( nmd 80 ) and large bundles ( nmd 14 ) of MWNTs, respectively. Upper inset: 
SEM image of the suspended islands with the individual MWNT. The scale bar 
represents 10 m  [16]. 
 
Figure 1-9 Thermal conductivity of SWNTs and MWNTs in relation to other heat 




1.2.1.3. Electrical Conductivity    
          Owing to the shape of the CNTs and its Nano scale cross-section, electrons 
propagate only along the tube's axis. Accordingly, carbon nanotubes are frequently 
mentioned as one-dimensional conductors. The SWNT maximum electrical conductance 







 is the conductance of single ballistic quantum channel [18]. 
Table 1.1 shows the room temperature of four-probe resistance of eight nanotubes with 
various diameters. These results show that the nanotube resistance vary by orders of 
magnitude [19]. Due to the electrical conductivity of the CNTs, many researchers have 
been attracted to use them for electronic circuitry and devices [6]. Actually, a unique 
electronic transport phenomenon, which can lead to both metallic and semiconducting 
behavior, depending on small variations in the chiral angle ),( mn  of the hexagons or 
diameter is exhibited for the SWNTs. The equal probability for the wrapping vectors 
results in 1/3 metalic and 2/3 semiconducting behavior for the SWNTs. The general rules 
for the metallic behaviour of SWNTs are as follows: ),( nn  tubes are metals; ),( mn tubes 
with jmn 3 , where j is a non-zero integer, are very tiny-gap semiconductors; and all 
others are large-gap semiconductors. Hence, there are three types of the carbon 
nanotubes: large-gap, tiny-gap, and zero-gap.  As the tube radius R increases, the band 








respectively. It has been shown that some types of armchair structured CNTs conduct 
better than other metallic CNTs. In addition, it has been revealed that in the 
semiconducting single walled nanotube the transport current changes abruptly at various 
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positions on it [20].  In order to measure the conductivity and resistivity of ropes of single 
walled nanotubes, electrodes have been placed at different places in the CNTs. It has 
been represented that the resistivity of the single walled nanotubes ropes was of the order 
of 410 ohm.cm at 27°C.  Accordingly, the SWNT ropes are the best for conducting of the 
electricity among different carbon fibres [20].  




1.2.1.4. Optical properties  
         It has been proved that the optical characteristics of the SWNTs depend on helical 
structure with metallic and chirality of the nanotubes and they are similar to the 
conducting polymers. In contrast, it was experimentally and theoretically demonstrated 
that the MWNTs are similar to graphite and there is no relation between their optical 
properties and helical structure.  The optical properties of the MWNT change slightly 
with changes in their radii [6]. Figure 1.10 shows the optical absorption spectrum of the 
CNTs [21].  It is very interesting to mention that the SWNT can have absorbance close to 
an ideal block body. Actually, an ideal black body should have emissivity or absorbance 
13 
 
of 1.0, which is practically difficult to achieve. Vertically aligned "forests" of SWNT can 
have absorbance of 0.98–0.99 from the far-ultraviolet (200 nm) to far-infrared (200μm) 
wavelengths [22].   
 
 
Figure 1-10 The adsorption spectrum of CNTs [6]. 
1.2.2. Applications of the CNTs 
         The extraordinary properties of the CNTs attracted industries and researchers to use 
them in different mechanical and electrical systems. In addition, they are utilized in 
different fields such as bioengineering, tissue engineering, computer engineering, optics, 
energy and environmental systems. Here, a succinct review is provided regarding 
different applications of CNTs. 
Due to the extraordinary mechanical properties of the CNTs, they are very fascinating 
materials for making novel mechanical devices. The very high Young’s modulus of the 
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CNTs brings many potential applications for them to be used in structural systems. CNTs 
composites provide many possible applications and they can be utilized in different 
mechanical devices. Actually, the light weight, the high strength, and the thermal 
properties of the CNTs furnish them to be very fascinating materials for building 
composite structures with high toughness, high strength, and high conductivity [6]. The 
carbon nanotube filler can be an excellent choice for dissipating charge builds up that can 
lead to explosions and better maintains barrier properties against fuel diffusion than do 
plastics fill with carbon black [10].  Moreover, they can be used for plastic semiconductor 
chip carriers and reading heads which have been made from CNTs composites [10]. In 
addition, the CNTs can be implemented for creating of the mechanical resonators with 
very high natural frequency due to extraordinary high modulus of elasticity [23].   
       One of the most appealing energy sources is 2H . This energy source can be used as 
fuel without creating air pollution and greenhouse gas emissions.  Nevertheless, there is 
no practical approach for 2H storage and its transportation.  It has been recently proposed 
that carbon nanotube can be employed as promising candidates for hydrogen uptake. Liu 
et al. [24] implemented a SWNT sample to achieve a hydrogen storage capacity of 4.2 
weight percent, or hydrogen to carbon atom ratio of 0.52 at room temperature under a 
modestly high pressure (about 10 Mega-Pascal). 
         Carbon nanotubes are also utilized as field emission electron source. They have 
been used to make a high-integrity electron gun. Actually, carbon fibers and tubes are 
used as electron emitters in electron guns.  The outstanding electronic properties of the 
CNTs make them suitable for creating of the hetero-junction devices and quantum wires. 
The peculiar features of the CNTs make them appropriate for electrical circuits [25].  
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Figure 1.11 shows an emitting image of fully sealed SWNT-FED[26]. CNTs can be 
implemented for random access memory and molecular computing [27]. 
 
 
Figure 1-11 Emitting image of fully sealed SWNT-FED at color mode with red, green 
and blue phosphor columns [27]. 
Pure SWNT can be also used for making optically homogenous and electrically 
conducting films. Figure 1.12 represents atomic force microscopy (AFM) image of a 150-





Figure 1-12 AFM image of a 150-nm-thick transparent SWNT [28]. 
         CNTs are also used in tissue engineering, biology and medicine. They can be used 
for the regenerative medicine which focuses on technologies to create functional tissues 
to repair or replace tissues or organs lost due to trauma or disease [20]. Controlled 
production and/or delivery of tissue-inducing macromolecules, namely cytokines with the 
growth factors is a broadly utilized approach in regenerative medicine. The physical and 
chemical properties of CNTs bring many therapeutic and drug-delivery applications in 
regenerative medicine. The SWNTs can be also employed in the optical imaging because 
they have a near-infrared photoluminescence in the ‘biological spectral window’ between 
the value of 700 and 1,100 nm [20].  
      CNTs can be also implemented as chemical sensors owing to high sensitivity of 
nanotube electronic and thermo-power to substances that affect the amount of the injected 
charge [10]. The individual semiconducting single-walled carbon nanotubes can be used 
as chemical sensors to detect small concentration of toxic gas molecules [29].  The paper 
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batteries are other promising applications of the SWNT. It is lightweight, ultrathin, 
completely flexible, and geared toward meeting the trickiest design and energy 
requirements of tomorrow’s gadgets, implantable medical equipment, and transportation 
vehicles [30]. Figure 1.13 represents a sample of the super-capacitor battery hybrid 
energy devices developed by researchers at Rensselaer Polytechnic Institute. 
 
 
Figure 1-13 a)  Schematic of a four-terminal hybrid-energy device;  b) Schematic of a 
three terminal hybrid energy device that can act as both super capacitor and battery [30]. 
 
Another crucial application of single-walled carbon nanotubes (SWNTs) is their 
utilization in solar panels, because of their potent UV/Vis-NIR absorption characteristics. 
It has been shown that SWNTs can dramatically increase the efficiency of the solar cells 
[31].As one of the latest and amazing applications of the CNTs, carbon nanotube 
computer can be mentioned [32].  Very recently, a computer has been entirely made by 
the CNT-based transistors. This novel system is capable of multitasking, accordingly, it 
can do counting and integer-sorting simultaneously [32].  
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1.3. RESEARCH BACKGROUND  
Carbon nanotubes (CNT) have been firstly reported by Iijima [3], and they contain 
very unique properties.  Actually, discovery of CNTs opens a new window to the 
researchers in different fields.  The preparation of a new type of finite carbon structure 
consisting needle-like tubes was firstly reported in 1991.  Figure 1.14 shows the first 
electron micrograph of the microtublus of graphitic carbon [3]. 
 
Figure 1-14 Electron micrographs of microtubules of graphitic carbon,  a) Tube including 
of five graphitic sheets, diameter 6.7 nm, b) two-sheet tube, diameter 5.5 nm, c)seven 
sheet tube, diameter 6.5 nm [3]. 
Owing to exceptional characteristics of these materials, several researchers devoted their 
time and effort on them in order to extend their knowledge about the peculiar features of 
the CNTs.    Figure 1.15 shows trends of publications and pending patents after finding of 




Figure 1-15  Number of published journal articles and issued and pending patents on 
nanotubes and nanotube/polymer composites as a function of year [8]. 
         Figure 1.15 is an excellent sign for the practical and theoretical applications of the 
CNTs. Nanotubes arise in different forms, and they vary substantially depending on the 
syntheses techniques.  They are long cylinders of covalently bonded carbon atoms and 
their ends may or may not be capped by hemifullerenes.  They have a distinctive 
combination of mechanical, electrical, and thermal properties that make nanotubes 
excellent candidates to substitute or complement the conventional materials [8]. 
Experiments show that they have very high tensile strength (150-180 GPa) [33] and 
tensile modulus (650 GPA to 1 TPa) [34].   In addition, CNTs represent large phonon 
mean free path lengths that result in high thermal conductivity which is theoretically 
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more than 6000 W/ (m K) [8, 35]. Moreover, CNTs have high electrochemically 
accessible surface area, and also they have high electronic conductivity [10].  
Accordingly, due to the abovementioned extraordinary properties of CNTs, great 
eagerness emerges among scientists in order to explore the vast applications and potential 
of these materials. Vibrational properties of the CNTs have attracted many researchers, 
and they have been modeled by classical theories [36], namely, Timoshenko [36], Euler-
Bernoulli [36], and Rayleigh [36] or nonlocal theory [37] to explore their vibrational 
facets. Furthermore, vibrations of nanotubes have been modelled by Hybrid 
atomistic/continuum and atomistic models.  The classical theories cannot be used for the 
atomistic dynamics of the CNTs [38]. Accordingly, in an endeavour to relate the 
atomistic and continuum approaches, an equivalent continuum model was proposed for 
the structure-property relationships in nanostructured materials[39].  The molecular 
structural mechanics can be also mentioned as a hybrid atomistic/continuum approach for 
the prediction of the both static and dynamical behavior of the CNTs [40].  
Natural frequency, primary resonance, periodic solutions, and chaotic motions of the 
vibrations of CNT have been recently investigated using the above-mentioned theories by 
many researchers.  In most of the published papers, the free and undamped linear 
vibrations of the CNTs have been explored. Moreover, linear foundation was considered 
for CNTs.  In addition, the curvature effect was considered for CNTs using the explicit 
function of the waviness.  The thermal effects, fluid velocity, electromagnetic field effect, 
and fluid types have been separately investigated by researchers considering linear and 
free vibrations.  Accordingly, there is lack of knowledge about the nonlinear vibration of 
CNTs considering the primary and secondary resonant cases. In accordance with the 
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above-mentioned background of research about the vibrations of CNTs and also 
significance of the consideration of the nonlinearity in dynamical behavior of CNTs. 
Nonlinear vibrations of CNTs assuming Winkler and Pasternak foundations using 
classical and non-classical theories and seeing of the thermal effects, fluid velocity, fluid 
type and electromagnetic field are investigated in this thesis. It should be highlighted that 
the nonlinearity and small scale effect occurs in the vibrations of the nano-scale systems 
owing to their small size and it is very crucial to postulate their effects in the modelling of 
the nano structures.  
       Different types of boundary conditions are also assumed and their effects will be 
explored on the vibrational behavior of CNTs.  The nano and micro scale systems have 
wavy shape and there is a demand for a powerful tool to mathematically model waviness 
of those systems. In accordance with the abovementioned lack for the modelling of the 
waviness of the curved tiny structure, a novel approach is broached implementing the 
Euler-Bernoulli beam theory and Non-Uniform Rational B-Splines (NURBS)[41].  
In the next part, a literature survey is brought regarding the vibrational analysis of 
the nano and micro structures, specifically, carbon nanotubes.  
1.4. VIBRATION ANALYSIS OF NANO AND MICRO STRUCTURES 
        Nano structures can be mentioned as the important types of MEMS/NEMS devices 
which have wide applications in a variety of technological fields [42]. Nano tubes and 
micro beams can be cited as one of the very applicable micro and nano structures in 
various systems, namely, sensing devices, communications and the quantum mechanics. 
Owing to the small size of the micro beam, they are very appropriate for designing small 
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instruments like sensors and actuators [43, 44]. Recently, a large number of researchers 
devoted their time and efforts to scrutinize mechanical and vibrational properties of nano 
scale tubes. As mentioned in previous part, a few approaches have been proposed and 
modified for the vibrational analysis of the  nano and micro structures , namely, the 
continuum theories [36], Eringen theory [37], and molecular structural mechanics [40].  
The application of the tiny structures, specifically, carbon nanotubes in the sensors and 
actuators enforced vibrational engineers to experimentally and theoretically study 
vibrational properties of those structures [45].  In order to measure the mechanical, 
electrical and field emission properties of an individual carbon nanotube, the in situ 
transmission electron microscopy was used. The resonance frequency of the carbon 
nanotube can be easily induced by applying an oscillating voltage. When the applied 
voltage frequency equals to the natural frequency of the nanotube, the resonance case can 
be accurately measured [46]. Figure 1.16 represents a sample of carbon nanotube in the 






Figure 1-16 a) stationary condition; b and c) first harmonic resonance 21.11 v MHz;       
d) second harmonic resonance 06.51 v MHz. ( dV is magnitude of applied voltage) [46]. 
 
 
Figure 1-17 A tiny particle attached at the end of a carbon nanotube at 




The vibrational principle has also been used for finding the mass of a very tiny particle 
attached at the tip of the free end of the nanotube as shown in Figure 1.17. Accordingly, a 
very small mass, approximately around 22 fg , can be measured [46].    
The resonant frequency of the carbon nanotube resonators was investigated by 
molecular structural mechanics. It has been detected that the carbon nanotubes are 
potentially an ultra-sensitive Nano balances. Accordingly, the relation between the 
attached mass and the resonant frequency was found. Figure 1.18 shows a cantilever and 
clamped-clamped carbon nanotubes with an attached mass [47]. The  effect of the 
attached mass on the fundamental frequency was investigated in ref [47] as indicated in 
Figure 1.19.  
 
 
Figure 1-18 a) Cantilevered carbon nanotubes, b) clamped-clamped carbon nanotubes 





Figure 1-19  a) Effect of variations of attached mass on fundamental frequency of 
cantilevered carbon nanotubes with attached mass; b) Effect of changes of attached mass 
on fundamental frequency of clamped-clamped carbon nanotubes [47]. 
 
Vibrations of the embedded multiwall carbon nanotubes were investigated in order 
to find their resonant frequencies and the associated vibrational modes. The multiple 
elastic beam model was utilized for modelling the carbon nanotubes and it was shown 
that the non-coaxial inter tubular  will be excited at the higher resonant frequency[48].  
        A nonlocal double-elastic beam model was presented for the free transverse 
vibrations of double-walled carbon nanotubes using the theory of the nonlocal elasticity. 
It was shown that the natural frequency of the objective structure are significantly 
affected by the small length scale[49].  The vibrational behavior of the multiwall carbon 
nanotubes based on the mechanical resonators was scrutinized. It has been proved that the 
fundamental frequencies of double-walled carbon nanotube are about %10  lower than 
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those single walled carbon nanotube of the same outer diameter. It has been delineated 
the non-coaxial vibration of double-walled nanotubes starts at the third resonant 
frequency [50]. The transversal vibration mode of suspended carbon nanotube at 
milliKelvin temperature was investigated. It has been shown that the carbon nanotube can 
be utilized as ultrahigh quality factor resonators. Moreover, it was revealed that the 
carbon nanotube would have nonlinear behavior by adjusting the radio frequency power 
on the antenna [51].   Carbon nanotube has been implemented as ultrasensitive mass 
sensor to measure mass with the mass resolution around zg25  and mass responsivity of 
1.11 ygHz ( 24101 yg , 21101 zg ).  Figure 1.20 shows the experimental setup for the mass 
sensing using the carbon nanotube and the electron microscopy image of the nanotube 
resonator [52].  
 
 
Figure 1-20 a) Experimental setup for mass sensing; b) Electron microscopy image of the 
nanotube resonator [52].    
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Carbon nanotube resonator has been also implemented to achieve mass 
measurement of biological molecules in viscous fluid. It was revealed that the resonant 
frequency of the nanotube in water decreased with lowering the water temperature [53]. 
         The effects of humidity on the vibrations of carbon nanotubes were studied using 
two types of CNT cantilevers, namely, open-ended and close-ended CNT cantilevers. It 
has been shown that an increase in the humidity result in decreasing of the resonant 
frequency of the open-ended CNT cantilever and increasing of the resonant frequency of 
close-ended CNT cantilevers [54]. 
        Nonlinear damping has been observed for the nano-mechanical resonator which has 
been made from the carbon nanotubes. It was found the damping term is strongly depend 
on the magnitude of motion, and can be delineated by nonlinear rather than a linear 
damping force [55].  
        It was exposed that the Young’s modulus can decrease substantially with the 
diameter of the carbon nanotube, and accordingly the linear classical theory cannot 
accurately predict the resonance frequency of the carbon nanotubes [56]. 
       The nonlinear behavior of an atomic force micro cantilever (AFM) with an attached 
multi-walled carbon nanotube (MWCNT) tip was experimentally and theoretically 
investigated by Lee et al. It was demonstrated that the Euler elastic model for the 








Figure 1-21 SEM image of MWNT probe tip [57]. 
      The carbon nanotube was implemented as a vibration damping enhancement.  It has 
been observed that enhancement in damping ratio is more dominant in than enhancement 
in stiffness employing carbon nanotube reinforcement. Up to 700% increase in the 
damping ratio is found for multi-walled nanotube-epoxy beam as compared to the plain 
epoxy beam. Figure 1.22 shows various reinforcing fibers [58].  
 
 
Figure 1-22  SEM image of various reinforcing fibers  a) MWNTs , b) SWNTs [58].  
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       The static bending, vibration, and buckling responses of the carbon nanotubes with 
various boundary conditions were fully studied by Reddy and Pang. It has been 
represented by them the nonlocal and shear deformation parameters are highly influential 
on the transverse deflection of a carbon nanotube. It was shown that the shear 
deformation is more effective on the nanotube deflection in case of the clamped boundary 
conditions.  The nonlocal parameter has the lowest impact on deflection of carbon 
nanotube when clamped boundary condition is considered [59].   
        The nonlocal elasticity theory was originally used for carbon nanotube based 
cantilever biosensors. The energy principle has been implemented to find the new 
nonlocal frequency sensor equations. The point and distributed masses were assumed for 
the model [60].  
         Nonlocal effects in the curved single-walled carbon nanotubes were fully studied by 
Artan and Tepe.  A simple model in the frame of nonlocal elasticity to assess the 
influence of nanotube waviness on the mechanical behavior of carbon nanotubes has been 
developed by them [61]. The non-coaxial resonance of an isolated multiwall carbon 
nanotube was studied by Yoon et al. It was shown the noncoaxial vibration can distort 
concentric geometry of multiwall carbon nanotubes, and accordingly it can crucially 
affect their physical properties [62].  
           The Timoshenko beam model was implemented to model the free vibration of 
multi-walled carbon nanotubes. The differential quadrature method was used to find the 
natural frequency of the vibrations of the carbon nanotube based on the Timoshenko 
beam theory. It was shown that the Euler-Bernoulli theory cannot be a qualified approach 
30 
 
for modelling of the vibrations of carbon nanotubes when the length-to-diameter ratios 
are small [63].  
Bending mode vibration of a suspended nanotube resonator was studied. It has 
been shown that by applying a gate voltage; the nanotube can be tuned from a regime 
without strain to a regime where it behaves as a vibrating string under tension [64].   
           Nonlinear free vibration of embedded double-walled carbon nanotubes based on 
nonlocal Timoshenko beam theory was examined by Ke et al. The influence of nonlocal 
parameter, length of the tubes, spring constant, and end supports were studied [65]. 
          The nonlinear governing differential-integral equation of the large vibrations of 
nanotubes has been developed by Askari et al. The fundamental harmonic as well as 
higher-order harmonics were analytically obtained using Homotopy Analysis method and 
Variational approach [66]. 
         Nonlinear free vibration of functionally graded carbon nanotube reinforced 
composite (CNTRC) beams with surface-bonded piezoelectric layers subjected to a 
temperature change and an applied voltage was studied by Rafiee et al [67].  
         Nonlinear vibration and chaotic motion of the curved carbon nanotube was 
investigated by Mayoof and Hawwa. The governing equation was formulated based on 
the elastic continuum mechanics theory, and the harmonic force was assumed for the 
objective system [68]. 
         Influence of internal moving fluid on free vibration and flow-induced structural 
instability was determined by Yoon et al. It has been revealed the internal moving fluid 
can substantially affect resonant frequencies especially for suspended longer carbon 
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nanotubes of larger innermost radius at higher flow velocity [69]. The thermal elasticity 
was combined with the Euler-Bernoulli theory to investigate the vibration and instability 
of the fluid conveying carbon nanotubes assuming the thermal effects. It was shown that 
the natural frequency of the targeted system is depended to the flow velocity as well as 
temperature change [70].  
          Large vibrations of the carbon nanotubes considering thermal effects with different 
boundary condition were investigated by Ansari et al. It was shown that at low or room 
temperature the nonlinear frequencies for the nanotube including the thermal effect are 
larger than that excluding the thermal effect and increase with the increase of 
temperature, while at high temperatures the nonlinear frequencies decrease with 
increasing temperature [71]. 
         Thermo-mechanical vibration of a single-walled carbon nanotube embedded in an 
elastic medium based on nonlocal elasticity theory was probed by Murmu and Pradhan. 
The Winkler type foundation was considered for the interaction of the SWNT and the 
surrounding elastic medium.  Influence of nonlocal small scale effects, temperature 
change, Winkler constant and vibration modes of the CNT on the frequency were fully 
studied.  It was represented that for small variation in temperature, the difference between 
local and nonlocal frequency is significantly high [72].   
          The thermal elasticity mechanics was used to model transverse vibrations of 
double-walled carbon nanotubes with large aspect ratios. It was demonstrated that some 
properties of transverse vibrations of double-walled carbon nanotube are dependent on 
the change of temperature [73].   
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        Forced vibration of a hinged-hinged single-walled carbon nanotube (SWNT) 
subjected to a moving harmonic load was fully studied by using nonlocal Euler-Bernoulli 
beam theory. It was depicted that the dynamic deflections of the single walled carbon 
nanotube increase with increase in the nonlocal parameter [74].  
         The generalized shear deformation theory was utilized to investigate free vibrations 
of the hinged-hinged multi-walled carbon nanotubes. It has been shown the shear 
deformation effects are crucial, especially, for higher modes [75].  
        Vibration of a double-walled carbon nanotube aroused by nonlinear interlayer van 
der Waals (vdW) forces was scrutinized by Xu et al. It was demonstrated that the 
nonlinear vdW forces have little influence on the coaxial vibrations. Moreover, it was 
demonstrated the deflection amplitude increases rapidly with the increasing frequency 
[76].   
        Effect of Nano scale curvature of single-walled carbon nanotubes on adsorption of 
polycyclic aromatic hydrocarbons can be mentioned as example of investigating carbon 
nanotubes which has been studied by Gotovac et al. [77]. 
        Vibration of a cantilevered double-walled carbon nanotube carrying a rigid body 
representative of a bacterium or virus at the tip of the outer nanotube was investigated by 
Storch and Elishakoff. Exact expressions for the mode shapes and characteristic 
frequency equation of their considered system were extracted based on the Euler-
Bernoulli beam theorem [78].    
        Free vibration of single-walled carbon nanotubes (SWCNTs) considering various 
constraints, tube chiralities, lengths and diameters have been investigated using a higher-
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order gradient theory by Yan et al.   It was revealed that the fundamental frequency of 
their objective system increases as the tube diameter increases.  Additionally, it has been 
shown that there is critical diameter in which the fundamental frequency starts to 
decrease by increasing of the carbon nanotube diameter [79]. 
       Nonlinear behavior of carbon nanotubes when actuated by a DC load superimposed 
to an AC harmonic load was investigated by Ouakad and Younis.  The primary and 
secondary resonances of the carbon nanotube were scrutinized. A wide range of 
frequencies, which is a unique property of CNTs, are obtained for the subharmonic 
resonances. A few complicated dynamics phenomena, namely, hysteresis, dynamic pull-
in, and hardening and softening behaviors were obtained for the resonances [80]. 
        An analytical technique was used for buckling analysis and smart control of a single 
layer graphene sheet coupling with polyvinylidene fluoride (PVDF) nanoplate. The 
Pasternak foundation was considered and it was assumed the applied voltage is in the 
thickness direction. Influences of different parameters, namely, small scale effect, 
stiffness of the internal elastic medium, graphene length, mode number and external 
electric voltage on the buckling behavior of their objective system were investigated [81]. 
Vibration of a single-walled carbon nanotube embedded in an elastic medium under a 
moving internal nanoparticle was investigated by Hong et al. The Newmark method was 
used by them in order to find vibration response of the single walled carbon nanotube 
subjected to the moving transverse load with three different boundary conditions [82]. 
Dynamic behavior of triple-walled carbon nanotubes conveying fluid was examined by 
Yan et al. Euler-Bernoulli theorem was applied to find the governing equation of their 
objective system. The van der Walls interaction between carbon nanotubes was 
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considered and then the Galerkin procedure was utilized to obtain the coupled equations 
of the motion of their objective system. It was shown that the internal moving fluid plays 
crucial role in the instability of triple-walled carbon nanotubes [83]. 
              Periodic solution was obtained for the nonlinear vibration of the conveying fluid 
carbon nanotube based on the nonlocal beam theory using the Energy balance method.  
The Pasternak type foundation was considered for their objective system.  Homotopy 
analysis method was exerted by Askari et al. to find an analytical solution for the 
nonlinear vibration of conveying fluid carbon nanotube. Effects of different parameters 
such as Pasternak foundation, axial tension, and initial amplitude were investigated on the 
nonlinear vibration of their objective system [84]. 
            Nonlinear oscillation of circular curved carbon nanotube was studied by Askari et 
al. Homotopy Perturbation method and Hamiltonian approach were utilized for finding 
the natural frequency of the vibration of the carbon nanotube. Influence of different 
parameters, namely, thickness of the carbon nanotube, radius of curvature and initial 
conditions were investigated on the vibrational behavior of the circular curved nanotube 
[85].  
Sound wave propagation in zigzag double-walled carbon nanotubes embedded in 
an elastic medium using nonlocal elasticity theory was studied by Gafour et al. Influences 
of nonlocal effects, the chirality of zigzag DWCNT, Winkler modulus parameter, and 
aspect ratio on the frequency of DWCNT were investigated and discussed by them [86]. 
      Nonlocal longitudinal vibration of single-walled-carbon-nanotubes (SWCNTs) with 
attached buckyballs was investigated by Murmu and Adhikari. It has been represented the 
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attached buckyball at the tip of a SWCNT can significantly influence the resonance 
frequency of the targeted system [87].  
        Vibration and instability of a single-walled carbon nanotube in a three dimensional 
magnetic field were fully investigated by Kiani [88]. The influences of the longitudinal 
and transverse magnetic fields on the flexural frequencies and their corresponding 
velocities were also reported. In addition, the value of the critical magnetic field in which, 
the lateral buckling of the carbon nanotube occurs has been reported [88]. 
Transverse wave propagation in elastically confined single-walled carbon 
nanotubes subjected to longitudinal magnetic fields based on the nonlocal beam theory 
has been analyzed [88] . Rayleigh, Timoshenko, Higher order beam theories were 
considered and effects of electromagnetic field was studied on them [89].    
        Natural frequencies and mode shapes of initially curved carbon nanotube resonators 
under electric excitation were securitized. The variation of the natural frequencies and 
mode shapes with the level of slackness and the DC electrostatic load was calculated 
[90].   Free vibrations of a double-walled carbon nanotube (DWNT) with considering the 
inner and outer carbon nanotubes as elastic beams which is interacting each other by van 
der Waals forces were studied. It has been indicated that there is a special invariable 
frequency for a DWNT that is not affected by different combinations of boundary 
conditions [91].  
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1.5. THESIS CONTRIBUTION  
      As reported in the previous parts, mechanical properties of the CNTs are very 
surprizing, and accordingly many researchers focused on them to probe their properties.  
Due to small scale of CNTs and their applications in the sensitive devices, the vibrational 
analysis of them is very crucial. As a consequence, many researchers investigated 
vibrational behavior and properties of the CNTs. As indicated before, the linear and free 
vibrations of the CNTs have been mostly investigated in the earlier research. Owing to 
small size of the CNTs, the linear assumption cannot provide an accurate prediction and 
analysis about the vibrations of these structures.  
         Furthermore, it has been assumed that the CNTs have been rested on the linear 
foundations. It is apparent that the linear foundation is not a very precise approximation 
for the tiny instruments, and so the obtained estimation by the analytical approaches 
cannot accurately predict the vibrational properties of the targeted systems.   
        Besides, most of the tiny devices which have been made by the CNTs don’t have the 
straight shape. So, it is very critical to have an approach in order to find the shape 
function of the objective system. In many published papers, the sinusoidal shape has been 
considered for the CNTs [68], but it is evident that the sinusoidal shape cannot be a good 
approximation for the miniature systems. Consequently, there is a demand for a 
mathematical tool to investigate vibrational behavior of the CNTs with any form.  
        Accordingly, it is very important to have a mathematical model for the CNTs, which 




         In the present research, a detailed mathematical modelling is provided for the 
vibrations of the CNTs using the Euler-Bernoulli and Eringen’s nonlocal theories. The 
nonlinear Winkler and Pasternak foundations are initially considered for the CNTs. 
Additionally, a detailed mathematical model is proposed for the vibrations of the curved 
CNTs considering different boundary conditions. Moreover, a novel method is broached 
for the vibrational analysis of the wavy structures employing the NURBS and Euler-
Bernoulli beam theorem.  A comprehensive study is firstly presented for the vibrations of 
the CNTs considering electromagnetic field, thermal effects, and conveying fluid. The 
primary, secondary resonant cases of the proposed models are studied in detail. In 
addition, analytical solutions are presented for the nonlinear vibrations of the targeted 
systems.  
       Chaotic vibrations of the fluid conveying carbon nanotube rested on the Pasternak 
and Winkler foundations are comprehensively studied employing numerical simulations.  
          The influence of different parameters, namely, the surface effect, geometry of the 
cross-section of the CNT, CNTs’ length, fluid flow velocity, variations of temperature, 
fluid types, boundary conditions and the shape of curvature are studied on the vibrational 
behavior of the proposed models.    
1.6. THESIS OUTLINE 
The present research has seven additional chapters, as presented below: 
In chapter 2, the nonlinear forced vibrations of the CNTs are developed using the Euler-
Bernoulli theorem considering Winkler and Pasternak foundations. The Newton’s law is 
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used to develop the governing equation of the vibrations of the aimed system. The 
damping and large oscillation terms are assumed for the considered system. The hinged-
hinged boundary condition is assumed for the carbon nanotube and two modes of 
vibration are obtained using the Galerkin procedure.  The multiple times scale method 
[92] is employed to solve the obtained equations and to scrutinize the primary and 
secondary resonates of the objective system. Effects of different factors, namely, 
Pasternak and Winkler coefficients and the position of the applied force is originally 
examined on the vibrational behavior of CNTs. 
          The nonlocal beam theory is combined with the Euler-Bernoulli theorem in order 
to investigate the vibrations of the CNTs presented in chapter 3. The governing equations 
of the vibrations of the CNTs are developed based on the combined theories. Similarly, 
the Galerkin procedure is implemented to find two modes of the vibrations of the 
developed model. The nonlinear free and forced vibrations of the developed model are 
investigated. Influence of different factors, namely, material constant, length and 
thickness of the CNTs, and cross section are revealed on the frequency response of the 
free vibrations of the objective system. Besides, the multiple times scale method is used 
to find the primary and secondary resonances of the forced vibrations of CNTs. Thus, 
influence of different factors such as surface effect, amplitude and position of the applied 
force is fully examined on the nonlinear vibrations of the system. 
            In chapter 4, geometrical imperfection is added to the developed model of the 
chapter 3 and then the governing equation of the system is found using the Newton’s law. 
A general boundary condition is postulated for the proposed model, and then nonlinear 
differential equation of the model is found using the Galerkin method. The obtained 
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nonlinear differential equation has quadratic and cubic nonlinearity. The primary 
resonance of the vibrations of the developed model is studied and influence of different 
parameters, namely, surface effect, Pasternak and Winkler foundations, radius of the 
curvature and boundary conditions are propped on the vibrational behavior of the curved 
CNTs. 
       A comprehensive investigation is provided in chapter 5 regarding vibrational 
behavior of the CNTs taking to account the thermal effect, fluid conveying and also 
electromagnetic field. The nonlocal Euler-Bernoulli beam theorem is used considering 
thermal effects, fluid conveying and electromagnetic field. The nonlinear governing 
equations of the developed models are separately developed.  Afterwards, the multiple 
time scale method is exerted to investigate primary resonance in the vibrations of the 
CNTs considering thermal, fluid conveying and electromagnetic fields.  Effect of diverse 
factors such as velocity of the fluid, electromagnetic field, variation of the temperature, 
and boundary conditions are investigated in detail on the vibrational behavior of the 
CNTs. 
         In chapter 6, a new formulation for the nonlinear vibrations of freeform carbon 
nanotube is developed. Non-Uniform Rational B-Splines (NURBS) [41] is combined 
with Euler-Bernoulli beam theory to find a straightforward approach for investigation of 
the vibrations of the general form of curved structures. Subsequently, the nonlinear 
ordinary differential equation of the curved carbon nanotube is found considering hinged-
hinged boundary conditions. The frequency response of the developed model is 
investigated for three distinct curvatures. Eventually, influence of diverse parameters 
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such as amplitude of oscillations, amplitude of waviness on the primary resonance of the 
curved carbon nanotube is evaluated.  
       In chapter 7, the chaotic vibrations of a fluid conveying carbon nanotube, which is 
rested on the Pasternak and Winkler foundations, are fully studied. Poincaré sections, 
phase-plane trajectories, time history plots, and the bifurcation diagram are presented to 
probe the chaotic motions of the carbon nanotube. It is depicted that the fluid velocity 
plays a key role in dynamical behavior of the considered model. Accordingly, it is 
represented that there is a range of velocity in which the system may have chaotic 
behavior. Besides, influence of the Pasternak coefficient is presented on chaotic motion 
of the objective system.  It is demonstrated that the Pasternak coefficient can be used for 
restraining of the chaos in the objective structure. 
       The conclusion and suggestions for the future works are provided in the last 







 Vibration analysis of carbon nanotube based on Chapter 2:
Euler- Bernoulli beam theory 
2.1. INTRODUCTION  
        Vibrational analysis of the carbon nanotube is very crucial field because of their 
huge applications in different types of the structure.   Many researchers investigated the 
vibrational behavior of the above structures using different types of beam theories. 
According to their works, it can be mentioned most of them were focused on the linear 
vibration analysis of the carbon nanotube.  Additionally, it can be stated most of the 
research about carbon nanotube were focused on the free vibrations of this structure.  
          Accordingly, this chapter aims to investigate the nonlinear forced vibration of the 
carbon nanotube considering Winkler and Pasternak Foundation. Using the Newton’s 
Law, the governing equation of the motion of the considered system is developed.  
          The Pasternak and Winkler type foundations are considered for the system and it is 
assumed that one harmonic force is applied on the carbon nanotube.  Moreover, the large 
oscillation term is considered for the carbon nanotube based on the Euler-Bernoulli beam 
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theory. Furthermore, the damping term is postulated for the foundation of the carbon 
nanotube. 
         After developing of the governing equation of the objective system, the Galerkin 
procedure is implemented for the purpose of obtaining of the nonlinear ordinary 
differential equation of the vibration of the considered system.  The hinged-hinged 
boundary condition is assumed for the carbon nanotube and two modes of vibrations are 
found by employing the Galerkin procedure.   
        After implementation of the Galerkin procedure and obtaining two modes of 
vibrations of the carbon nanotube, the multiple times scale method is utilized in order to 
solve obtained equation and to investigate primary and secondary resonance of the 
objective system. Influence of different parameters is fully investigated on the vibrational 
behavior of the carbon nanotubes.  The effects of the Pasternak and Winkler coefficients 
are shown on the primary and secondary resonances of the carbon nanotube. In addition, 
the effect of the position of the applied force is fully examined on the vibrational 
behavior of the system.    
2.2. MATHEMATICAL MODELLING  
       In this section, the governing equation of the vibration of the carbon nanotube is 
developed based on the Euler-Bernoulli beam theory using the Newton’s Law. Figure 2.1 






Figure 2-1 Schematic diagram of the nanotube. 
       By means of the Newton’s law, the governing equation of the vibrations of the 

































                                (2.1) 
in which ),( txw is the transverse vibrations of the carbon nanotube.  , ,,,,,,,, 31 VkkkxtA p
and ),( txF  are the density, area of the carbon nanotube, time, axial coordinate, damping 
coefficient, linear Winkler foundation coefficient, nonlinear Winkler coefficient, 
Pasternak foundation coefficient, shear force, and the applied force.   
Based on the Euler-Bernoulli beam theorem, the bending moment M, the shear force V, 



















                                                                                                     (2.2) 
In which the longitudinal force N  can be formulated as [93] 
dAEdAN xxxx                                                                                                           (2.3) 
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and the bending moment M can be stated as [93]  
dAEzdAzM xxxx    ...                                                                                                (2.4)  
in which xxzA ,, and xx are the cross section of the nanotube, distance from neutral axis, 
the axial strain, and the axial stress on the nanotube, respectively.  






 ),(),,(                                                                                                       (2.5)               
),(),,( txwtzxw                                                                                                                  (2.6) 










































                                              (2.7) 
Based on the relation between the strain and stress,  it can be assumed[94] : 
xxxx E                                                                                                                         (2.8) 
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EI                                                                                    (2.10) 
        The longitudinal displacement u can be stated as a function of the transverse 
































                                                                        (2.11) 
Equations (2.11) and (2.7) are substituted in Eq. (2.8), the following equation is obtained 














                                                                                                         (2.12) 
Substituting equations (2.12) and (2.2) into Eq. (2.10), the following equation is obtained 
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in which )(cos),( 0xxtFtxF   . The governing equation developed here represents a 
general form for the vibrational behavior of CNTs, and it is actually can be utilized for 
any type of the CNTs, namely, armchair, zigzag and chiral. Accordingly, the following 
range is selected for the values of the different parameters of the developed models of 
thesis: 
PaE 12102.11  , 3/3.22.1 cmg , 261 /100 mNk  ,
415
3 /100 mNk  ,
5100 pk ,




2.3. SOLUTION PROCEDURE  
       In this section, the Galerkin procedure is first applied to the governing equation of 
the nonlinear vibration of the carbon nanotube in order to find discretized nonlinear 
ordinary differential equation of the considered system. Section 2.3.1 described the 
application of the Galerkin procedure to the objective system.  In order to investigate the 
primary and secondary resonances of the objective system, the method of multiple times 
scale is considered in Section 2.3.2.   
2.3.1. Galerkin Approach 
        The Galerkin procedure is implemented to find the nonlinear ordinary differential 
equation of the system. Hinged-hinged boundary condition is assumed for the carbon 








                                                                                                       (2.14) 






                                                                               (2.15)    
       By substituting Eq. (2.14) into Eq. (2.13), the following nonlinear ordinary 
























































































































                                                                                           (2.23) 
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                                                                             (2.25)     
 
2.3.2. Application of Multiple Times Scale Method   
          The method of multiple times scale method [92] is exerted to fully investigate 
influence of different parameters on the primary and secondary resonances of the 
vibrations of the carbon nanotube.  In accordance with the method of multiple time scale 
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where tT
n


































                                                                    (2.28) 
          In accordance with the multiple times method, the damping and force terms are 
developed as below[92]  : 





                                                                                                                 (2.30)     
      By substituting Eq. (2.26) into Eq. (2.16) and using Equations (2.29) and (2.30), the 
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                                                                                         (2.33)               

























































2.3.2.1. Primary resonance   
         In this section, the primary resonance case of the vibration of the carbon nanotube is 
investigated [92].  In accordance with this case, one should set 
11                                                                                                                 (2.36) 
1  is the detuning parameter. By considering the above definition and eliminating the 
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       Using the polar notation )exp(
2
1
2,1, iiii iaA  in Eq. (2.38) and separating real and 










































                                                    (2.38) 
where 1011   T .  
For the steady-state response, 121 ,, a  and 2a are zero and then the following 
equation is obtained after mathematical simplification of Eq. (2.38). After a few 
mathematical procedures, the following equation is obtained for the amplitude-frequency 

















()( faaaaa                                                              (2.39) 
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2.3.2.2. Secondary resonance  
To scrutinize the secondary resonance of the vibration of the carbon nanotube, it is 
assumed that[92] 
2                                                                                                                          (2.40) 
Accordingly, the detuning parameter is defined as[92]  
22                                                                                                                   (2.41) 
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        Finally, by applying the polar forms and separating imaginary and real parts, the 

















()( faaaaa                                                            (2.43) 
2.4. NUMERICAL RESULTS AND DISCUSSION  
       In this section the presented solution procedure and the obtained frequency responses 
are fully examined. Influence of different parameters will be revealed on the primary and 
secondary resonances of the vibrations of the carbon nanotube.  The effects of Pasternak 
foundation on the primary and secondary resonances are shown in Figures 2.2 and 2.3. As 
evidenced by these figures, a decrement in the Pasternak coefficient results in increasing 
of the hardening behavior of the vibrations of the carbon nanotube. In addition, increasing 
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of the Pasternak coefficient causes decrement of the amplitude of oscillation for both 
primary and secondary resonances.  Accordingly, this coefficient can be implemented for 
the adjusting of the amplitude of oscillations and frequency range of the vibrations of the 
carbon nanotube.  
          Effects of variation of the length of the carbon nanotube are presented in Figures 
2.4 and 2.5. In accordance with these figures, by increasing of the length of the carbon 
nanotube, the hardening behavior of the carbon nanotube decreases. As shown by Figure 
2.5, by increasing of the length of the carbon nanotube, the amplitude of oscillation 
decreases for the second mode of the vibrations.  
 
 





Figure 2-3 Effect of Pasternak foundations on the frequency-response in secondary 
resonance. 
 





Figure 2-5  Effect of Length on the frequency-response in secondary resonance. 
          The influence of thickness on the vibrational behavior of the carbon nanotube is 
shown in Figures 2.6 and 2.7. In accordance with these figures, by increasing of the 
thickness of the carbon nanotube, the amplitude of the oscillation increases for both 
primary and secondary resonant cases. In addition, the hardening behavior of the 
vibrations of the carbon nanotube would increase by increasing of the thickness of the 
carbon nanotube.   
        Effect of the position of the applied force is revealed in Figure 2.8 and 2.9. As 
shown by Figure 2.8, the highest amplitude of oscillation for the first mode of vibration 




Figure 2-6 Effect of thickness on the frequency-response in primary resonance. 
 




Figure 2-8 Effect of applied force position on the frequency-response in primary 
resonance. 
 
      In accordance with Figure 2.9, the highest amplitude of oscillation for the second 
mode of vibration occurs in the 0.25 and 0.75 length of the carbon nanotube. 
 




         In order to show the correctness of the obtained results and to check the stability of 
the steady-state solutions, the state-plane graph is plotted for the primary and secondary 
resonant cases. The attraction zone, shown in Figure 2.10, is apparent and adjacent to the 
selected point and the stability is confirmed for the primary resonance case. Figure 2.11 
shows the phase-plane trajectories without the backbone curve for the primary resonance. 
Figure 2.12 shows the stability of the steady-state response for the secondary resonance 
and also guarantees the validity of the obtained results using the multiple scale method. 








Figure 2-11 State-plane for the primary resonance in the neighbourhood of point A. 
 
 









 Vibration Analysis of Carbon Nanotube Based on Chapter 3:
Nonlocal Theory  
3.1. INTRODUCTION 
       Nonlocal beam theory has been widely employed for the investigation of the 
vibrational properties of the different nanostructures. Specifically, carbon nanotube as 
one of the most applicable miniature structure attracted many researchers in order to 
analytically and experimentally probe its dynamical properties using the nonlocal beam 
theory.  As mentioned in section 1.4 of the chapter 1, several researchers studied linear 
and nonlinear vibrations of the nanostructures utilizing the Eringen’s nonlocal elasticity 
theory.  They mostly focused on the free vibration analysis of the nanostructure, 
specially, carbon nanotubes.  Number of publications regarding the nonlinear forced 
vibration of the carbon nanotube is rare, but the subject is very crucial since of the vast 
applications of the forced nonlinear vibration carbon nanotube in many practical 
instruments.  
           In accordance with the huge applications of the carbon nanotube in different 
minuscule systems, this chapter delineates forced vibrations of the carbon nanotubes 
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based on the nonlocal theory in conjunction with the Euler-Bernoulli beam theory.  The 
governing equations of the nonlinear forced vibration of the carbon nanotube based 
nonlocal Euler Bernoulli beam theory is developed in this chapter.  The Newton’s law is 
implemented to find the partial differential equation of the targeted system.   
        Analogous to chapter 2, the nonlinear Winkler and Pasternak foundations are 
postulated for the foundation of the considered system.  Additionally, it is assumed that 
the carbon nanotube is subjected to large oscillation.  The nonlocal beam theory is 
employed and the equation of the bending moment of the carbon nanotube is developed 
considering surface effect. Actually, utilizing the Eringen’s theory for the CNTs 
vibrations provides a governing equation which contains the surface effect and size 
parameter. In section 3.2 of the present chapter, the nonlocal theory is comprehensively 
illustrated to provide detailed information about this crucial topic.  
          The Galerkin procedure is utilized to develop the nonlinear ordinary differential 
equation of the vibrations of the carbon nanotube.  Two modes of vibrations of the 
developed model are assumed based on the hinged-hinged boundary conditions.  
         Nonlinear free vibration of the objective system is investigated in Section 3.4. The 
influences of different parameters, namely, the material constant, length of carbon 
nanotube and the thickness of carbon nanotubes on the vibrational behavior of the 
objective system are investigated.  In addition, two types of cross-sections (ellipse and 
circular) for the objective system are considered and their effects on the carbon nanotube 
vibration are scrutinized.  
         The forced vibration of the objective system is studied in section 3.5. The multiple 
times scale method is used to find the primary and secondary resonances of the forced 
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vibrations of the carbon nanotube.  Impact of different parameters, namely, surface effect, 
amplitude and position of the applied force are fully investigated on the nonlinear 
vibration of the objective system. In addition, it is represented how the vibration of the 
objective structure varies by variation of the surface parameter based on the nonlocal 
beam theory.  
3.2. NONLOCAL BEAM THEORY  
Nonlocal beam theory has been proposed by A.C. Eringen in 1972 [37].  Many 
researchers used this method to investigate vibrational behavior of tiny structures. This 
section of the present chapter aims to succinctly illustrate the nonlocal beam theory.  In 
accordance with the Eringen’s nonlocal elasticity theory, the nonlocal stress tensor   at 
any arbitrary point y  can be described by the following integral [59]   
ydyzyyK
V
  )(),(                                                                                                      (3.1) 
in which ),( yyK  is the kernel function which shows the nonlocal modulus,   is the 
material constant and so it depends on the  internal and external characteristic length, 
yy   is the distance (in the Euclidean norm), )(yz is the classical macroscopic stress 
tensor at point y . In accordance with the Hook’s law, one could have [59] 
),(:)()( yyCyz                                                                                                              (3.2) 
where C  is the fourth-order elasticity tensor and “ : ” indicates the “double-dot product.” 









le0                                                                                                 (3.3) 
in which 0e is the  material constant, il  and el  are the internal and external characteristic 
length, respectively [59].  
3.2.1. Stress resultants in nonlocal theories 















0 ile                                                                                    (3.4) 
where E  is Young’s modulus of elasticity.  















,                                                                                   (3.5) 
and one will know  
A
zdA 0 . Also, we have the following relations [59]  
dAzIA
A
),1(),( 2                                                                                                         (3.6) 
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3.3. MATHEMATICAL MODELLING  
In this section, the Eringen theory [37]  is combined with the Euler-Bernoulli beam 
theory in order to find the governing equation of the considered system. Figure 1.3 and 
Figure 2.3 represent the considered system with two types of cross sections. In 

































               (3.8) 
 
Figure 3-1 Schematic diagram of the nanotube. 
 




         All of the parameters in Eq. (3.8) have been defined in Section 2.2.  Based on the 
Euler-Bernoulli beam theory, one could obtain the following relationship for the bending 



















                                                                                                    (3.9)  
        Longitudinal force and bending moment have been defined in Eq. (2.3) and Eq. 










0 )(                                                                                       (3.10) 
         By substituting xx from Eq. (2.7) into Eq. (3.10), the following relation is obtained 



















                                                                                       (3.11) 
By combination of Eq. (3.9) and Eq. (3.11), the following formula is found for the 







































EI i                                                          (3.12)  
Substituting of Eq. (3.8) and Eq. (2.12) into Eq. (3.12), the following formula is 
obtained as the governing equation of the vibrations of the carbon nanotube with 













































































































































The nonlocal Timoshenko beam theory can be also implemented for analyzing of 
the vibrational characteristics of the nanostructures, namely, nano-beams, nanotubes and 
nanowires[84]. For example, the governing equation of the free vibrations of the 
nanowire can be delineated as [95]  
wANwNwwAaewAGk xxxxxxxxxxxs    ,,,
2




* )()()(   
                                                                    (3.15) 
The governing equation of the nonlocal Timoshenko nanostructure have been 
solved by the Variational iteration method and in accordance with the aforementioned 
method, the following natural frequency, residual functions and solutions were obtained 





,0  blblllbp ABAAAR          (3.16) 
)cos()()( 243
222
,0  bllb ABBR                                                                  (3.17) 




222  BAAA lllb                                                              (3.18) 
0243
222  ABB llb                                                                                    (3.19) 
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Eventually, the following equation has been obtained as the ratio of nonlinear 


















             (3.20)          
in which b   is the linear frequency[84].      
3.4. SOLUTION PROCEDURE  
           In order to discretize the governing equation of the vibrations of the carbon 
nanotube, the Gelerkin procedure is considered in section 3.4.1.  Section 3.4.2 aims to 
investigate free vibrations of the considered system to study influence of different 
parameters on the vibrational behavior of the targeted system. Primary and secondary 
resonances of the considered system are fully probed in section 3.4.3.  
3.4.1. Gelerkin procedure 
           The Galerkin procedure is used to obtain the nonlinear ordinary differential 
equations for the vibration of carbon nanotube considering surface effect.  The hinged-
hinged boundary conditions are assumed for the system. By substituting of Eq. (2.14) and 
Eq. (2.15) into Eq. (3.13) and considering two modes of vibrations, the following 















































































































































































































































































































































































































































































































































































































































































































































































































































              (3.33)   
3.4.2. Free vibration analysis    
            In this part, free vibrations of the objective system are studied. Accordingly, 1F
and 2F are considered to be zero.  In order to analyze free vibrations of the system, the 
multiple time scales method is utilized.  In accordance with the multiple time scales 
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                                                                                          (3.35) 
        By substituting of Eq. (3.35) into Eq. (3.34) and equating same power of  , the 










0  qqD                                                                                                             (3.37) 

























 .  
The solution of Eq. (3.39) can be written in the form  
ccTiTAq  )exp()( 012111                                                                                                 (3.40) 
ccTiTAq  )exp()( 012121                                                                                                 (3.41) 
Substituting Eq. (3.40) to Eq. (3.41) into Eq. (3.38) to Eq. (3.39), the following 






















































in which the primes show differentiation with respect to 2T .  
In order to study the non-resonance case in the system, one could develop the 
following set of equations based on the secular terms in Eq. (3.42) and Eq. (3.43): 
023)(2 12221
2
111111  AAAAAAAi                                                                       (3.44) 
023)(2 21142
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and separating the real and the imaginary parts, 
one could develop    
0111  aa                                                                                                                     (3.46) 






























                                                                                                      (3.49) 












































  tata                                                (3.51) 
where 102010 ,, aa and 20  are the constant of integration. For the case of an undamped free 
vibration, the solutions of Eq. (3.34) is altered as 
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101 aa                                                                                                                            (3.52) 



































  taa                                                                                       (3.55) 
3.4.3. Forced vibration analysis  
           As indicated, Eq. (3.34) is completely similar to Eq. (2.16), but the only difference 
is in the coefficients of these two equations. Therefore, the obtained solutions for the 
primary and the secondary resonance of Eq. (2.16) can be used for Eq. (3.34). 
Subsequently, based on Eq. (2.39) and Eq. (2.43), Eq. (3.56) and Eq. (3.57) can be 
















()( faaaaa                                                                 (3.56) 
















()( faaaaa                                                                           (3.57) 
3.5. NUMERICAL RESULTS AND DISCUSSION 
           In this section, the solution procedure and the obtained frequency responses are 
utterly studied. Effects of different parameters will be exhibited on the primary and the 
secondary resonances of the vibrations of the carbon nanotube. The influences of the 
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Pasternak foundation, thickness, surface parameter, cross section, length, and position of 
the applied forces on the primary and secondary resonances as well as ratio of nonlinear 
frequency are fully discussed.   
The influence of surface parameter on the primary and secondary resonance is 
shown in Figures 3.3 and 3.4.  In accordance with these figures, an increment in the 
surface effect results in decreasing of the amplitude of oscillations of the carbon nanotube 
for both primary and secondary resonances.  Moreover, the hardening behavior of the 
objective system would decrease by increasing of the surface parameter.  
 
Figure 3-3 Effect of surface parameter on frequency-response in the primary resonance. 
 
          Influence of the initial conditions on the nonlinear frequency of the vibrations of 
the carbon nanotube is shown in Figures 3.5 and 3.6.  As shown in these figures, by 
increasing of the initial amplitude of the oscillations, the nonlinear frequency of the 
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vibrations of the system would increase. In accordance with Figures 3.7 and 3.8, the ratio 
of nonlinear frequency to linear frequency would increase by decreasing of the surface 
parameter for a given initial conditions.  
 






Figure 3-5 Effect of the initial conditions on the nonlinear frequency of the first mode of 
the vibrations of the carbon nanotube. 
 
Figure 3-6 Effect of the initial conditions on the nonlinear frequency of the second mode 





Figure 3-7 Effects of initial conditions and surface parameter on ratio of nonlinear 
frequency to linear frequency for the first mode of vibrations of carbon nanotube. 
 
Figure 3-8 Effects of initial conditions and surface parameter on the ratio of nonlinear 





        The effects of the cross sections on the primary and secondary resonances of the 
vibrations of the carbon nanotube are shown in Figures 3.9 and 3.10. As evidenced by 
these figures, when the system has circular cross section, it has the lowest amplitude of 
oscillations and nonlinearity. Accordingly, the bigger elliptical cross section results in 
more nonlinearity and bigger amplitude of oscillations.  
        It should be highlighted that the cross section of the system can be chosen as a 
control parameter in order to adjust the vibrations of the carbon nanotube.   Effect of the 
thickness of the carbon nanotube on the ratio of nonlinear frequency to linear frequency 
is shown in Figures 3.11 and 3.12. As shown by these figures, by increasing of the initial 
conditions, the ratio of nonlinear frequency to linear frequency increases for both modes 
of vibrations of the carbon nanotube.        
              In addition, it has been divulged by increasing the thickness of carbon nanotube, 
the ratio of nonlinear frequency would decrease for both modes of vibrations of system.  
Based on these figures, it can be mentioned decreasing of the thickness of the system 

















Figure 3-11 Effect of the thickness and initial conditions on the ratio of nonlinear to 






Figure 3-12 Effects of thickness and initial conditions on the ratio of nonlinear frequency 
to linear frequency for the second mode of the carbon nanotube vibration. 
         The influence of the length of carbon nanotube on its natural frequency is shown in 
Figures 3.13 and 3.14. As can be seen from these figures, by increasing the length of the 
carbon nanotube, the ratio of nonlinear frequency to linear frequency will decrease. It is 
shown that an increment in the length of the carbon nanotube results into a system with a 
lower nonlinearity.  In addition, as can be seen from the figures, increasing of the initial 
conditions results in increasing the ratio of nonlinear frequency to linear frequency for 






Figure 3-13 Effect of the length and the initial conditions on the ratio of nonlinear 
frequency to linear frequency for the first mode of the vibration of the carbon nanotube. 
        The influence of the position of the applied force on the frequency response of the 
carbon nanotube vibration, considering the surface effects, is shown in Figures 3.15 and 
3.16. As evidenced from Figure 3.15, the highest amplitude of oscillation for the first 
mode of vibrations occurs when the force is imposed at the middle of the carbon 
nanotube.  In accordance with Figure 3.16, the highest amplitude of oscillation for the 
second mode of vibrations occurs at the 0.25 (25%) and 0.75 (75%) length of the carbon 





Figure 3-14 Effect of the length and the initial conditions on the ratio of nonlinear 
frequency to linear frequency for the second mode of the carbon nanotube vibration. 
 
 


















 Vibration Analysis of Curved Carbon Nanotube Chapter 4:
4.1. INTRODUCTION 
        Vibrations of the curved structures have been investigated by many researchers.  
Dynamical behavior of different types of macro structures have been studied in detail by 
them. Because of the applications of the curved structure in tiny systems, recently, a few 
researchers developed the governing equations of the vibrations of the curved micro and 
nano structures.  The published works are mostly focused on the free vibrations of the 
nanostructures.  Hence, this chapter is focused on the nonlinear forced vibration of the 
curved carbon nanotube considering Winkler and Pasternak foundation. The governing 
equation of the motion of the objective system is developed based on the Newton’s law.   
          The small strain term based on the von-Karman theory is utilized considering 
geometrical imperfection, and the longitudinal force of the considered system is 
developed.  The foundation and applied force is similar to the model which has been 
considered in Chapter # 2.  The developed equation based on the nonlocal beam theory 
for the vibration of the carbon nanotube in chapter#3 is combined with the term due to 
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the geometrical imperfection, and a new model is obtained based on the nonlocal beam 
theory considering geometrical imperfection.  
              A general boundary condition is considered for the system, and then the Galerkin 
procedure is used in order to find the governing equation of the curved carbon nanotube. 
The obtained equation has quadratic and cubic nonlinearity.  The sinusoidal function is 
assumed for the curvature of the system.  Accordingly, the method of multiple time scales 
method is used to investigate primary resonance of the system.  Influence of different 
parameters, namely, surface effect, Pasternak and Winkler foundation, radius of the 
curvature, and boundary conditions are fully studied on the vibrational behavior of the 
curved carbon nanotube.  
4.2. MATHEMATICAL MODELLING  
        The governing equation of vibrations of the curved carbon nanotube based on the 
nonlocal beam theory is developed. The objective model is shown in Figure 4.1.   
 
Figure 4-1  Schematic diagram of the curved carbon nanotube. 
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        In order to develop the governing equation of the objective system, the strain 























                                                                                           (4.1)  
in which 0w is the function of curvature.  The parameters xxandwu ,  have all been 
defined in Chapter 2. Accordingly, one could develop the following relationship between 













































                                                 (4.2) 
By substituting u and xx  in Eq. (3.4), the following equation is obtained for the 























                                                                                       (4.3) 
         The obtained longitudinal force for the vibrations of the carbon nanotube is 
substituted in Eq. (3.12), and the following equation is achieved for the governing 
equation of the forced vibrations of the curved carbon nanotube considering surface 
effect rested on the nonlinear Winkler and Pasternak foundations. It should be highlighted 
that only the first term of the approximation of relation of the bending curvature and the 























































































































































































  (4.4) 
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All of the parameters shown in Eq. (4.4) have been defined in Chapter 3.    
4.3. SOLUTION PROCEDURE  
      The Galerkin method is exerted to find the governing equation of the nonlinear 
vibrations of the curved carbon nanotube. Hinged-hinged, clamped-clamped and 
clamped-free boundary conditions are assumed for the objective system. Table 4.1 
represents different considered boundary conditions for the curved carbon nanotube.  
 
Table 4-1  Different types of boundary conditions. 
 
Cases Mode shape Value of 2,1, iiB  
Hinged-Hinged 
 

















































































       After obtaining the nonlinear ordinary differential equations of vibrations of the 
curved carbon nanotube, the multiple time scales method is utilized to investigate the 




4.3.1. Galerkin procedure 
          Nonlinear differential equation of the curved carbon nanotube is obtained in this 
section. The general boundary conditions are postulated for the carbon nanotube, and 
accordingly, one could have: 
)()(),( 1 tqxtxw                                                                                                        (4.5)  
 1  has been defined in Table 4.1 for different types of boundary conditions.   
       Using the Galerkin procedure, the following equation for the nonlinear vibration of 
the curved carbon nanotube is found.  




















































































































































































































































































                                               (4.11) 
   
4.3.2. Application of the Multiple time Scales method   
         In order to investigate the vibrational behavior of the curved carbon nanotube, the 
multiple times scale method is utilized. Accordingly, Eq. (4.6) is written as: 




0                                         (4.12) 
In accordance with the method of multiple time scale, the following asymptotic solution 
is considered for Eq. (4.12)  
),,(),,(),,(),( 2102
2
21012100 TTTqTTTqTTTqtq                                       (4.13) 
Subsequently, one could write  
 20                                                                                                           (4.14) 
         By substituting Eq. (4.14) and Eq. (4.13) into Eq. (4.12) and equating the 






















0 TTfqqqqDqDqDDqDDqqD    (4.17) 
The solution of Eq. (4.15) can be stated as 
)exp(),()exp(),( 002100210 TiTTATiTTAq                                                (4.18) 
Substituting Eq. (4.18) into Eq. (4.16), one could develop  






0                      (4.19) 
Eliminating the secular terms in Eq. (4.2.19), the following solution is obtained as the 














1 AATiATiAq  

                                                (4.20) 
and then by substituting of Eq. (4.20) and Eq. (4.18) into Eq. (4.17), the following 




















               (4.21) 













30  TifAAAAi 


                                              (4.22) 
         It is considered that )exp(
2
1
iaA  and then by substituting A in Eq. (4.22) and 
























                                                                             (4.24) 
in which   2T . 
















                                                                    (4.25) 
       To investigate the steady state motions of the system, firstly, the following 
conditions should be satisfied  
0 a                                                                                                                      (4.26)        






















a                                                                                                                (4.28) 
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4.4.     DISCUSSION AND NUMERICAL RESULTS 
       Parametric sensitivity analysis is exerted in order to investigate influence of different 
parameters on the nonlinear vibrations of the curved carbon nanotube. Effects of the 
boundary conditions, amplitude of waviness, coefficient of the Pasternak foundations, 
and position of the applied force are studied on the frequency response as well as natural 
frequency of the system.  
       The influence of the boundary conditions on the frequency response of the vibrations 
of the curved carbon nanotube is shown in Figure 4.2. In accordance with this figure, the 
lowest and the highest amplitude of oscillations occurs for the clamped-clamped and 
hinged-hinged boundary conditions, respectively. The effect of the amplitude of the 
waviness on the primary resonance of the vibration of the curved carbon nanotube 
considering clamped-clamped boundary conditions is shown in Figure 4.3. In accordance 
with this figure, by increasing of the amplitude of waviness, the amplitude of oscillations 
decreases. Furthermore, an increase in the amplitude of waviness of the curved carbon 
nanotube results in decreasing of the hardening behavior of the vibration of the system. 
The influence of the waviness amplitude on the primary resonance of the curved 
carbon nanotube vibration, considering hinged-clamped boundary conditions, is depicted 
in Figure 4.3.  An increase in the waviness amplitude will result into a decrease in the 
amplitude of oscillation based on this figure.  Moreover, it is shown that increasing the 
waviness amplitude causes lower nonlinearity for the system.  Figure 4.5 shows influence 
of the amplitude of waviness on the frequency response for the case of the hinged-hinged 
boundary conditions. As seen from this figure, by increasing the amplitude of waviness, 













Figure 4-4 Effect of the amplitude of waviness on the frequency-response in the primary 
resonance (Hinged-Clamped). 
 




Figure 4.6 represents the effect of the amplitude of waviness and the boundary 
conditions on the linear natural frequency of the vibration of the curved carbon nanotube. 
As shown by the figure, by increasing of the amplitude of waviness, the linear natural 
frequency would increase.  In addition, it can be concluded for the given amplitude of 
waviness, the clamped-clamped and hinged-hinged boundary conditions have the highest 
and the lowest linear natural frequency, respectively.  
Figure 4.7 shows the effects of coefficients of the Pasternak foundations on the 
primary resonance of the system considering clamped-clamped boundary conditions.  As 
seen from this figure, by increasing of the coefficient of the Pasternak foundation, 
amplitude of oscillation would decrease. In addition, it can be highlighted the higher 
coefficient of the Pasternak foundations results in greater frequency range.  
 
 











         Figure 4.8 represents the effects of coefficients of the Pasternak foundations on the 
primary resonance of the system considering hinged-clamped boundary conditions. 
Similar to the case of the clamped-clamped boundary conditions, by increasing of the 
coefficient of the Pasternak foundation, the amplitude of oscillation would decrease.  In 
order to show the effect of the Pasternak foundations for the case of the hinged-hinged 
boundary conditions, Figure 4.9 are plotted. As can be seen from the figure, a similar 







Figure 4-8 Effect of the coefficient of Pasternak foundation on the primary resonance 
(Hinged-Clamped).  
 





Effects of the position of the applied force on the primary resonance of the 
vibrations of the curved carbon nanotube are shown in Figures 4.10 to 4.12 for different 
types of boundary conditions. As shown by these figures, the highest amplitude of 
oscillation occurs when the force is applied in the middle of the carbon nanotube for all 
of the boundary conditions.  
 
 






Figure 4-11  Effect of the position of the applied force on the primary resonance   
(Hinged-Clamped). 
 




 Electromagnetic and Thermo-Fluidic Effects on the Chapter 5:
Carbon Nanotube Vibration  
5.1. INTRODUCTION 
        One of the important applications of the carbon nanotube is conveying of the fluid. 
From a biomedical point of view, it can be used as an alternative in place of the vessel for 
the conveying of the blood in the body.  The vibrational behavior of the fluid conveying 
carbon nanotube has been studied by several researchers, and actually, it is one of the 
hottest topics about the dynamical and vibrational behavior of the CNTs.  They have been 
mostly focused on the linear vibrations of the fluid conveying CNTs.   
           Another crucial application of the CNTs is improving of the thermal conductivity.   
In addition, they can be used for thermal management of the electrical circuit. Variation 
of the temperature can significantly affect the vibrations of the instrument which have 
been made by the CNTs. Accordingly, several researchers investigated the influence of 
the temperature variation on the vibrational behavior of the carbon nanotube.  Most of the 
published papers regarding the above-mentioned effect have considered the linear 
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vibration of CNTs.  Owing to the wide range of applications of CNTs in the Nano 
sensors, Nano oscillators and magnetically aligned nanotube in composite, 
electromagnetic field can be considered as a significant factor in dynamical behavior 
analysis of the CNTs.  
Actually, applying the electro-magnetic fields to CNTs would lead to the exertion 
of Lorentz’s forces on the CNTs, which inherently alters the vibration behavior of the 
system. Therefore, it is very crucial to investigate the vibrational behavior of CNTs under 
the influence of electromagnetic field.  
           This chapter aims to provide a detailed study regarding vibrational behavior of the 
CNTs considering thermal, fluid conveying and also electromagnetic field.  Three 
different models are developed based on the nonlocal Euler-Bernoulli beam theory 
considering thermal effects, fluid conveying and electromagnetic field.  For all of the 
three models, it is assumed the objective structure is rested on the nonlinear Winkler-
Pasternak foundation and one force is imposed on the developed models. 
 The governing equations of those models are obtained and a general boundary condition 
is supposed for the developed model. Then, Galerkin procedure is utilized in order to find 
nonlinear ordinary differential equation of the considered systems. Afterwards, the 
multiple time scale method is exerted to investigate primary resonance in the vibrations 
of the CNTs considering thermal, fluid conveying and electromagnetic fields.   
           The influence of different parameters, namely, velocity of the fluid, 
electromagnetic field, variation of the temperature, and boundary conditions are fully 
studied on the vibrational behavior of the CNTs.  
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5.2. MATHEMATICAL MODELLING  
         In this part, three different models are developed for the vibrations of the carbon 
nanotube considering fluid conveying, thermal effects and electromagnetic field. Section 
5.2.1 is focused on the developing of the model for the vibrations of the CNTs 
considering fluid conveying effects.  The thermal effect and its governing equation of the 
motion are developed in section 5.2.2.   The electromagnetic field, based on the 
Maxwell’s law, is combined with the equation of motion of the carbon nanotube, and 
accordingly, a new model is developed for the vibration of CNTs in section 5.2.3.  
5.2.1. Vibration of fluid conveying carbon nanotube  
       In this part, the governing equation of the fluid conveying carbon nanotube based on 
the nonlocal Euler-Bernoulli beam theorem is developed. Figure 5.1 represents the 
system of the fluid conveying carbon nanotube.  
 
Figure 5-1 Schematic diagram of the fluid conveying carbon nanotube. 




































     (5.1) 
in which 
ffF  shows the force per unit length induced by the fluid flow.  
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                                               (5.3) 
where 
fm and v  are the mass and velocity of the fluid in the CNTs. In order to find the 
discretized equation of Eq. (5.2), the Galerkin procedure is employed. In accordance with 
the Galerkin procedure for the first mode of the vibrations of the CNTs, one could have 
)()(),( 1 tqxtxw                                                                                                   (5.4) 
in which )(1 x  has been defined in Table 4.1.  After applying the Galerkin procedure to 
Eq. (5.2), the following nonlinear ordinary differential equation is developed for the 
vibrations of the fluid conveying CNTs. 




1                                                                        (5.5) 
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    (5.8) 
 
























  (5.9) 
 
5.2.2. Fluid Conveying Carbon Nanotube Vibrations Considering Thermal 
Effects 
This section of the chapter 5 aims to develop nonlinear vibrations of the carbon 
nanotube considering thermal effect based on the nonlocal Euler-Bernoulli beam theory. 





Figure 5-2 Schematic diagram of carbon nanotube considering thermal effects. 







                                                                                                     (5.10) 
in which xx is the axial stress, xx  is the axial strain, x  represents the coefficient of 
thermal expansion in the direction of the x  axis, and both E and   are the Young’s 
modulus and the Poisson’s ratio, respectively.  Accordingly, the axial force N  can be 
written as below  
mt NNN                                                                                                              (5.11) 
in which tN and mN  are the thermo- and mechanical-  axial forces, respectively.  
By combining equations (5.10), (2.11) and (2.7), the following equation is 














                                                                                           (5.12) 
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                                                                                                        (5.13)  
By substituting of Eq. (5.1) and Eq. (5.12) into Eq. (3.12), the governing equation 





















































































































































        By substituting Eq. (5.4) into Eq. (5.14), and employing the Galerkin procedure, the 
following equation is obtained as the nonlinear ordinary differential equation of 
vibrations of the fluid conveying carbon nanotube considering thermal effect. 




1                                                                      (5.15) 
where  









































































     (5.16) 




5.2.3. Vibration of Carbon Nanotube under Longitudinal Electromagnetic    
           In order to develop the governing equation of the motion of carbon nanotube under 
the longitudinal magnetic field, the generated force due to a longitudinal magnetic field 
should be obtained. Accordingly, section 5.2.3.1 delineates the generated force due to the 
longitudinal magnetic field.  Figure 5.3 shows schematically the objective system. 
 
 
Figure 5-3 Schematic diagram of carbon nanotube considering longitudinal 
electromagnetic field. 
5.2.3.1. Developing of the force due to longitudinal magnetic field 
        It is assumed that the magnetic permeability of the equivalent continuum structure, , 
is equal to the magnetic permeability of the surrounding medium[97, 98].  Additionally, 
the displacement current density is neglected. Accordingly, the governing electro-
dynamic Maxwell’s for the objective structure is written as below [97, 98]  
hJ                                                                                                                       (5.17) 
0 eh                                                                                                             (5.18)  
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Hue                                                                                                                       (5.19) 
and 
0.  h                                                                                                                          (5.20) 
in which ,,,, HueJ and  are the current density, perturbation of electric field vector, 
displacement field vector of the carbon nanotube, magnetic field vector and the Laplacian 
operator, respectively. The exerted body force vector due to the applied magnetic field,
mff , is obtained as [97, 98]: 
HJfmf                                                                                                                (5.21) 
The displacement field for the objective structure could be written as below 
),(),(),,( txzwtxutzxu xx                                                                     (5.22)  
       For the longitudinal magnetic field, one could have iHH x  where i  shows the unit 
vector associated with the x  axis. Employing Eq. (5.17) to Eq. (5.22), the exerted force 
per unit length due to the longitudinal electromagnetic field is developed as below [97, 
98] 
),(),( 2 txwAHtxf xxxem                                                                                             (5.23) 
5.2.3.2. Developing the Governing Equation of Vibration of Carbon Nanotube 
due to Longitudinal Electromagnetic Field 
           Based on the Newton’s law, one could develop the following equation for the 



































            (5.24) 

















































































































































           In order to discretize the nonlinear ordinary differential equation of vibration of 
carbon nanotube under the effect of the longitudinal electromagnetic field, the Galerkin 
procedure is employed. Accordingly, Eq. (5.4) will be substituted in Eq. (5.25) and then 
the Galerkin procedure is applied.  Based on the above procedure, the following equation 
is obtained as the nonlinear ordinary differential equation of the vibrations of the carbon 
nanotube under longitudinal electromagnetic field: 




1                                                                           (5.26) 


































































































































                                                    (5.29) 
5.3. APPLICATION OF THE MULTIPLE TIMES SCALE METHOD   
In this part, the multiple times scale [92] is implemented to investigate the carbon 
nanotubes amplitude-frequency behavior considering the thermal effects. Accordingly, 





0 tftqtqtqtq                                                       (5.30) 
where   is a small parameter. In order to use the multiple times scale method, the 
following asymptotic expansions are assumed for the solution of Eq. (5.30) [92]. 
...),(),( 101100  TTqTTqq                                                                                (5.31) 












                                                                                                     (5.33) 
where nn TD  .  In order to investigate the primary resonance, one could have 
  0                                                                                                                 (5.34) 
Subsequently, the excitation term is also written as Eq. (5.35) 
)cos()( 10 TTftF                                                                                           (5.35) 
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       Substituting Eq. (5.31) through (5.33) into Eq. (5.30) and equating the coefficients of 














1 TTFqqqDDqqD                                              (5.37) 
The general solution of Eq. (5.36) is assumed as: 
..))(exp()()exp()( 011010 CCTiTATiTAq                                                                          (5.38) 



























2  TiFAAAAi                                                                              (5.40) 




iaA                                                                                                                  (5.41) 


























aa                                                                                       (5.43) 










aa                                                                                                  (5.44) 
Considering the steady-state motion for the above equations, one could have the 















aa                                                                                    (5.45) 
5.4. DISCUSSION AND NUMERICAL RESULTS 
       The obtained results for the different developed systems are parametrically studied in 
this part. The influence of different parameters, namely, the coefficient of Pasternak 
foundation, temperature variations, types of boundary conditions, fluid velocity, magnetic 
permeability, and the electromagnetic field on the primary resonance and the linear 
natural frequency of the system are investigated. Figure 5.4 is plotted to show the effect 
of the fluid velocity and boundary conditions. In accordance with this figure, the linear 
natural frequency of the system decreases by increasing the fluid flow velocity.  
        In addition, it can be concluded that the carbon nanotube, which has hinged-hinged 
boundary conditions reach to zero natural frequency faster than the clamped-hinged and 
the clamped-clamped boundary conditions. Accordingly, the system would have an 
unstable behavior by increasing the fluid flow velocity. Furthermore, it can be 
highlighted that for a given velocity, the clamped-clamped and the hinged-hinged 
boundary conditions have the highest and lowest linear natural frequencies, respectively.  
          Figure 5.5 shows the effect of the type of fluid and the fluid flow velocity on the 
linear natural frequency of the fluid conveying carbon nanotube considering the hinged-
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hinged boundary conditions. As can be seen from this figure, for a given velocity, acetone 
and water have the highest and the lowest linear natural frequencies, respectively. In 
addition, it can be concluded that acetone can have the highest velocity in order to have a 
stable and periodic behavior.  
 
 





Figure 5-5 Effect of fluid velocity and type of fluid on linear natural frequency for 
hinged-hinged boundary conditions. 
Similar results are obtained for the hinged-clamped and the clamped-clamped 
boundary conditions. Figures 5.6 and 5.7 have shown the results for the cases of the 
hinged-clamped and the clamped-clamped boundary conditions, respectively. It can be 
mentioned that higher fluid density results in the lower linear natural frequency and a 
lower capacity for the high velocity to have periodicity and stability.   As indicated by the 
above figures, the hinged-clamped boundary conditions have a bigger range for the fluid 
velocity to have periodic and stable behavior in comparison with the hinged-hinged 
boundary conditions. In accordance with Figure 5.7, the clamped-clamped boundary 
conditions is the best choice for having a higher linear natural frequency and a greater 
range for the fluid velocity to have a periodic and stable behavior for the vibration of the 




Figure 5-6 Effect of fluid velocity and type of fluid on the linear natural frequency for 
hinged-clamped boundary condition. 
        As indicated by Figure 5-6, the hinged-clamped boundary conditions have a bigger 
range for the fluid flow velocity to have a periodic and stable behavior in comparison 
with the hinged-hinged boundary conditions.   
In accordance with Figure 5.7, the clamped-clamped boundary conditions is the 
best choice for having the higher linear natural frequency and a greater range for the fluid 
flow velocity to have a periodic and stable behavior for the vibration of fluid flow 




Figure 5-7 Effect of fluid velocity and type of fluid on the linear natural frequency for 
clamped-clamped boundary condition. 
           Figures 5.8 to 5.10 show the effects of the variations of the temperature and fluid 
flow velocity on the linear natural frequency of vibration of fluid flow conveying carbon 
nanotube considering thermal effects for the hinged-hinged, hinged-clamped and the 
clamped-clamped boundary conditions, respectively. In accordance with these figures, 
the linear natural frequency of the system will increase by increasing the temperature 
variations. So, it can be mentioned that for a given velocity, the linear natural frequency 





Figure 5-8 Effect of temperature variations and fluid velocity on the linear natural 
frequency for hinged-hinged boundary condition. 
          As seen from Figure 5.9, the hinged-clamped boundary condition is a better choice 
for having more stability. It shows that the flow velocity, boundary conditions and also 
temperature can be used as a control parameter for the vibration of fluid flow conveying 
carbon nanotube. Accordingly, the desirable linear natural frequency for the vibration of 
fluid conveying carbon nanotube can be obtained by adjusting the above parameters.  
Based on Figure 5.10, it can be concluded that the clamped-clamped boundary condition 
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is the most optimal choice to have a greater value for the linear natural frequency of 
vibration of the carbon nanotube.  
 
Figure 5-9 Effect of temperature variations and fluid velocity on the linear natural 




Figure 5-10 Effect of temperature variations and fluid velocity on the linear natural 
frequency for clamped-clamped boundary condition. 
 
         Figure 5.11 shows the effect of boundary condition and the ratio of nonlinear to 
linear frequency of the vibration of carbon nanotube.  As evident from this figure, the 
ratio of nonlinear frequency to linear frequency increases by increasing the initial 
condition. Furthermore, for a given initial condition, the clamped-clamped carbon 






Figure 5-11  Effect of the boundary and the initial conditions on the ratio of nonlinear 
frequency to linear frequency. 
       Figure 5.12 represents the effects of the fluid flow velocity and the boundary 
conditions on the linear natural frequency of the carbon nanotube vibration. As can be 
seen, the clamped-clamped carbon nanotube has the highest linear natural frequency.  
Figures 5.13 to 5.15 exhibit the effects of the velocity and the Pasternak foundation on 
the linear natural frequency for different types of boundary conditions. It is evident that 
increasing the Pasternak foundation coefficient would result into an increase of the linear 
natural frequency. In addition, this parameter can provide more capacity for the nanotube 








Figure 5-13 Effect of Pasternak foundation and boundary conditions on the linear natural 





Figure 5-14  Effect of fluid flow velocity and boundary conditions on the linear natural 
frequency for the hinged-clamped boundary condition. 
 
Figure 5-15 Effect of the fluid flow velocity and boundary conditions on the linear 
natural frequency for the clamped-clamped boundary condition. 
122 
 
           Figures 5-16 to 5-18 illustrate the influences of the fluid flow velocity on the 
primary resonance of the conveying fluid carbon nanotube for the clamped-clamped, 
hinged-clamped, and hinged-hinged boundary conditions, respectively. In accordance 
with these figures, the amplitude of oscillation of the fluid conveying carbon nanotube 
would increase by increasing the flow velocity. 
 
 
Figure 5-16 Effect of fluid velocity on the primary resonance of fluid conveying carbon 




Figure 5-17 Effect of fluid velocity on the primary resonance of the vibration of the fluid 
conveying carbon nanotube (hinged-clamped boundary condition). 
 
Figure 5-18 Effect of the fluid velocity on the primary resonance of the vibrations of the 
fluid conveying carbon nanotube (clamped-clamped boundary conditions). 
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           Figure 5.19 represents the influence of the boundary conditions on the primary 
resonance of fluid conveying carbon nanotube. As seen from the figure, the clamped-
clamped and the hinged-hinged boundary conditions have the lowest and the highest 
amplitude of oscillations, respectively. In addition, the clamped-clamped boundary 
conditions show the most hardening behavior.  
 
Figure 5-19  Effect of the boundary conditions on the primary resonance of vibration of 
fluid conveying carbon nanotube. 
 
                   The electromagnetic field and magnetic permeability effects are shown in 
Figure 5.20. As evidenced by this figure, the linear natural frequency would slightly 
increase by increasing the electromagnetic field. In addition, it has been demonstrated 
that for a given electromagnetic field by increasing the magnetic permeability the linear 





Figure 5-20 Effect of the electromagnetic field and the magnetic permeability on the 
linear natural frequency of the vibration of carbon nanotube. 
 
           Figure 5.21 shows the influence of electromagnetic field and the coefficient of 
Pasternak foundation on the linear frequency. As shown from this figure, the effect of the 
electromagnetic field in comparison with the effect of the Pasternak foundation 
coefficient on the linear natural frequency of the system is negligible.  Figure 5.22 shows 
the influence of the electromagnetic field effect and the boundary conditions on the linear 
natural frequency of the carbon nanotube vibration. As shown by this figure, the 




Figure 5-21 Effect of the electromagnetic field and Pasternak foundation on the linear 
natural frequency of the carbon nanotube vibration. 
 
Figure 5-22  Effect of the boundary conditions and the electromagnetic field on the linear 
natural frequency of carbon nanotube vibration. 
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 Unified Approach for Nonlinear Vibrations Chapter 6:
of Free-Form Structures Using Non-Uniform Rational 
B-spline (NURBS) Representation (Case study: Carbon 
Nanotube) 
6.1. INTRODUCTION 
      Dynamical behavior analysis of curve structures owing to their huge applications in 
diverse systems is very significant for researchers. The main elements of every structure 
may have highly complicated form and therefore analyzing of those elements is a 
challenging task. Indispensably, there is a necessity for a very potent tool to fully 
scrutinize this type of structures. The main objective of the present chapter is to introduce 
an approach for researchers to investigate the sophisticated dynamical behavior of 
structures with complicated shapes.   
           Isogeometric analysis (IGA) can be utilized as a very strong vehicle to bring up an 
original idea for scrutinizing of the abovementioned structures. Isogeometric analysis 
(IGA) has been presented as a potent numerical approach by Hughes et al. [99]. This 
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method can be implemented for various engineering applications. It is based on Non-
Uniform Rational B-splines (NURBS) which are used in accurate geometrical modeling 
and approximation of solution space [41]. NURBS can be used to represent accurately the 
shape of any unknown geometry. In the present paper, the above novel idea is used for 
curved carbon nanotubes to obtain a unified process for any freeform curvature.     
          Developing a unified formulation for the nonlinear vibrations of the freeform 
carbon nanotubes is presented in this chapter. In order to obtain the governing equation of 
the system, the Euler-Bernoulli beam theory is exerted. Next, non-uniform rational B-
spline [41] is conjunct with Euler-Bernoulli beam theory to find a straightforward 
technique for analyzing the general form of curved structures. Afterwards, in pursuance 
of the Galerkin method, the nonlinear ordinary differential equation of the carved carbon 
nanotube is evoked. The single-walled and hinged-hinged boundary conditions are 
supposed for the objective system. According to the boundary conditions of the problem, 
the obtained differential equation comprises the quadratic and cubic nonlinearities.  There 
are many instruments in which, the curved carbon nanotubes have been used. CNTs 
resonators are very prone to have curved form when they undergo very small 
perturbation. For general forms of the CNTs, the second degree of the NURBS can be 
implemented to find an implicit function for their curvature. When there is very 
complicated form of waviness in the CNTs’ structure, it is needed to use higher order of 
the NURBS in order to model them. 
          In the final part of this chapter, method of multiple scales [92] is utilized to 
probe the frequency response of the targeted system for three different curvatures. The 
effects of different factors, namely, amplitude of the oscillation, amplitude of waviness 
129 
 
on the primary resonance of the curved nanotube are evaluated by the parametric 
analysis.  
6.2. NON-UNIFORM RATIONAL B-SPLINE REPRESENTATION 
       Non-Uniform Rational B-Spline is used to model free form of carbon nanotube.  
Figure 6.1 shows a free form of the curved carbon nanotube. To find a comprehensive 
explanation of NURBS, one can refer to [41]. A pth 
 
-degree NURBS curve is defined by 
[41]  




















)(                        bua                                                               (6.1) 
where iP  are the control points, iw are the weights, and )(, uN pi are the thp  degree B-spline 
basis function defined on the non-periodic (and non-uniform) knot vector 
},...,,,...,,,...,{ 11 bbuuaaU pmp                                                                                  (6.2) 
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                                                                                                              (6.4) 
)(, uR pi  are the rational basis functions; they are piecewise rational function on ].1,0[u  
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In order to obtain the governing equation of the vibration of curved carbon nanotube, 
Euler-Bernoulli beam theory is exerted. In accordance with Euler-Bernoulli beam theory, 



















































  (6.5)    
 
 
Figure 6-1 Schematic model of a free form of the carbon nanotube. 
The right side of Eq. (6.5) is very important for the analysis, since the curvature function 





































                                                                            (6.6) 
According to the NURBS definition, for a 2D curve, one could have  
))(),(()( uyuxuc                                                                                                        (6.7) 






uyuxuC                                                                                               (6.8) 
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 are the crucial functions of our study. It is evident that these 
terms are complete differentials, since y  is just related to one variable, and therefore, 
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Hinged-hinged boundary conditions are supposed for the system, and therefore, ),( txw  
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For the differential term, the following equation could be defined  
duxudx )(                                                                                                                   (6.14) 



























































     (6.15)        
6.3. IMPLEMENTATION OF THE METHODOLOGY FOR A SEMI-
CIRCULAR CURVE        
       For the sake of evaluating the performance of the developed methodology, its 
implementation for few curves are presented and their results are discussed. As the first 
example, a semi-circular curvature is considered and the proposed approach is 
implemented in order to investigate its vibrations. Then it is employed for the rational 
Bezier arc with two different sets of control points. 
          A NURBS representation of a semi-circular tube with radius r and centered at 
origin can be defined by the following control points and weight factors:  
)0,,0(,)1,0,( 10 rPrP
ww  and )1,0,(2 rP
w   






Figure 6-2  Schematic model of the semi-circular carbon nanotube. 
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                                                                                (6.17) 
After applying the above formula, the following differential equation could be obtained: 




0                                                             (6.18) 
The coefficients ,   , 0  2 , 3   are the parameters, which can be found numerically for 
any type of geometry.  
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        Before launching the solution procedure, the following mathematical proof is 
presented to aver correctness of the generalized formula for the special case. Based on 
Eq. (6.13), one could have the following formula 
222 )()( ruyux                                                                                                              (6.19) 
Therefore, 
22 xry                                                                                                                 (6.20) 















































    (6.21) 
       To compare the results with the general formula and to show the equality of that 
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        The identical result could be found for the right side of Eq. (6.23). The above 
procedure delineates that the obtained solution from the explicit form is completely 
analogous which has been obtained from the implicit form. Therefore, Eq. (6.15) can be 
exerted for any types of curvatures. 
It is palpable that is convoluted to have explicit form for any curvature, so having 
a general formula for the implicit forms of the curvatures able us to investigate any types 
of structures.    
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Let qp  . , and afterwards, one needs to order q̂  as q 2  and tF cos as tf cos
3  thus, 
the governing equations converts into 




0                                                  (6.27) 
To find the approximate solution of the above equation, one could have 
...),,(),,(),,(),( 2102
2
21012100  TTTqTTTqTTTqtq                             (6.28) 
and to find the primary resonance of the equation, one could have  
 20                                                                                                                 (6.29) 
Substituting equations (6.28) and (6.29) into Eq. (6.27) and equating the coefficients of 
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The solution of Eq. (6.30) could be written as 
)exp(),()exp(),( 00210210 TiTTATiTTAq                                                                      (6.33) 
Substituting 0q into Eq. (6.31) yields  






0                                        (6.34) 
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30  TifAAAAi 
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                                                             (6.37) 
It is assumed that )exp(
2
1
iaA  and then by substituting A in Eq. (6.37) and 






















                                                                                       (6.39) 
in which   2T .  
















                                                                               (6.40) 
        To analyze the steady-state motion of the system, first the following conditions 
should be satisfied  
0 a                                                                                                                      (6.41) 
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a                                                                                  (6.45) 
6.4. APPLICATION FOR THE QUADRATIC RATIONAL BEZIER ARC 


























pp  .  
 












































        By substituting of Eq. (6.47) and Eq. (6.48) into Eq. (6.15), the form of Eq. (6.18) 
for the vibration of the system is obtained. Figure 6.3 represents the objective curvature 
based on the above control points.  
 
 
Figure 6-3 Schematic model of the objective curvature. 





Figure 6-4 Effect of the weight factor on the nanotube waviness ( )1,1 20  ww . 
 








pp   have been considered 
as the control points of the curvature. The considered control points were substituted into 







































                                                                              (6.50) 
          Figure 6.5 is plotted to schematically represent the objective structure considering 




Figure 6-5 Schematic model of the objective curvature. 
 
Figure 6-6  Effect of weight factor on the nanotube waviness ( )1,1 20  ww . 
142 
 
6.5. FREE VIBRATION ANALYSIS OF CARBON NANOTUBE WITH 
QUADRATIC RATIONAL BEZIER ARC CURVATURE RESTED ON 
LINEAR WINKLER-PASTERNAK FOUNDATION 
       In this section, the mathematical model of the objective structure is presented. Figure 
6.7 schematically shows the considered system.  The quadratic rational Bezier arc 
curvature is considered for the nanotube [100]. In pursuance of obtaining the system 
curvature, NURBS is utilized.  The governing equation of the system is presented by Eq. 
(6.51)[41]. 
 



























































      (6.51) 
 
in which ykkAIE p ,,,,,,, 1  and l  are the modulus of elasticity, moment of inertia, 
damping coefficient, density, cross-sectional area of the nanotube, Winkler and Pasternak 
coefficient, function of the curvature and length of nanotube, respectively.  
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In order to develop the nonlinear ordinary differential equation of the system, the 
Galerkin procedure is utilized. Considering the hinged-hinged boundary condition, the 






                                                                                                          (6.52) 
         By substituting Eq. (6.52) into Eq. (6.51) and combining them with Eq. (6.21), the 






0  ppppp                                                                         (6.53) 
in which 20 ,,  and 3  are evaluated on the basis of the considered curvature. 
         In accordance with the obtained results [100-102], the following equation can be 











                                                                                             (6.54) 




Figure 6-8 Effect of the weight factor and the middle control point ( 1P  ) position on the 
nanotube waviness lr / . 
6.6. DISCUSSION AND NUMERICAL RESULTS  
       Effects of different parameters on the frequency responses of the objective system 
are discussed in this Section. Figure 6.9 shows influence of amplitude of waviness on the 
frequency response of the semi-circular carbon nanotubes. It can easily be concluded that 
an increase in the waviness amplitude of the system results into increasing the amplitude 
of oscillation. Moreover, it is shown that an increase of waviness amplitude results into 
decreasing the nonlinearity of the system. Actually, increasing the waviness amplitude 
leads to a linear behavior. There is waviness amplitude for semi-circular curved carbon 
nanotube in which, the system has linear behavior. Accordingly, the waviness amplitude 





Figure 6-9 Frequency response curves for primary resonances of curved carbon 
nanotubes (effects of waviness amplitude on frequency response). 
        Figure 6.10 represents the influence of the force magnitude on the frequency 
response of the system when the waviness amplitude equals to zero. Accordingly, the 
coefficient of the quadratic term would become zero, and Eq. (6.27) is converted into the 
following form  
tfzzzz  cos2 233
222
0                                           (6.54) 













a                                                                                                (6.55) 
        Based on Eq. (6.47), the frequency responses of the objective system can be readily 




Figure 6-10   Frequency response curves for primary resonances of the curved carbon 
nanotubes (when waviness amplitude of the carbon nanotube is zero). 
 
 
          As represented in Figure 6.10, the objective system has completely hardening 
behavior when its amplitude of waviness is zero. Furthermore, it can be concluded that by 
an increase in the magnitude of applied force, the amplitude of oscillation increases.  
            Figure 6.11 represents effects of the place of the applied force on the frequency 
responses of the objective system. Three different positions of the curved nanotube are 




Figure 6-11 Frequency response curves for primary resonances of the curved carbon 
nanotubes (effects of the position of applied forces on the frequency response of the 
system). 
        The magnitude of the obtained amplitude based on the positions of the applied 
forces can be sorted as below: 
lll aaa 3.02.01.0                                                                                                             (6.56) 
         Figure 6.12 reveals effects of the thickness of the carbon nanotube on the curved 
carbon nanotubes frequency response.  According to this figure, by an increase in the 
thickness of the carbon nanotube, the value of the oscillations amplitude would increase. 
In addition, the frequency range of the primary resonance of the carbon nanotube would 





Figure 6-12 Frequency response curves for primary resonances of the curved carbon 
nanotubes (effects of the thickness of the applied forces on the frequency response). 
        Figure 6.13 shows influence of weight factor on the primary resonance of the curved 







pp  ). As seen by this figure by increasing of the amplitude of 
waviness, the amplitude of oscillations would decrease. In addition, the nonlinear 
behavior of the system has been highly influenced by the amplitude of waviness of the 
structure. In accordance with this figure, the hardening behavior of the system would shift 
to linear response and then softening nonlinearity by increasing of the amplitude of 





Figure 6-13 Effect of weight factor on the primary resonance of the vibrations of the 
carbon nanotube ( )1,1 20  ww . 
 
 
        Figure 6.14 shows effects of the magnitude of the applied force on the primary 
resonance of the carbon nanotube with rational Bezier arc curvature and the following 






pp  ) . The right side of the figure represents the 
effects of the magnitude of the applied force on the primary resonance of the vibrations of 
the system when the amplitude of waviness is zero, and the left side of the figure shows 
effects of the magnitude of the applied force on the primary resonance of the system 
when there is curvature in the system. It can be seen that by increasing of the magnitude 





Figure 6-14  Effect of the magnitude of the applied force on the primary resonance of the 
vibrations of the carbon nanotube ( )1,1 20  ww . 
Figure 6.15 represents influence of weight factor on the primary resonance of the 
curved carbon nanotube for the third example. As evidenced by this figure, an increase in 
the waviness amplitude results in decreasing of the amplitude of oscillations. In addition, 
the nonlinear behavior of the system has been highly influenced by the waviness 





Figure 6-15  Effect of weight factor on the primary resonance of carbon nanotube              
( )1,1 20  ww  for the second model. 
Influence of the magnitude of the applied force on the primary resonance of the 
given control points is shown in Figure 6.16.  The right side of the figure represents the 
effects of the magnitude of the applied force on the primary resonance of the system 
when the waviness amplitude is zero, and the left side of the figure reveals the influence 
of the applied force magnitude on the primary resonance of the system. As seen from this 






Figure 6-16 Effect of the magnitude of applied force on the primary resonance of the 
vibrations of carbon nanotube ( )1,1 20  ww . 
           Figure 6.17 shows the effect of the waviness amplitude and weight factor on the 
ratio of nonlinear frequency to linear frequency. As seen from the figure, the system 
would have hardening behavior when the second control point ( 1P ) has positive values 
for both x and y.  
         Accordingly, by increasing the value of initial condition, the ratio of nonlinear 
frequency to linear frequency increases. In addition, it has been shown by increasing of 
the waviness amplitude the hardening behavior of the system would increase. In 
accordance with the Figure 6.8 and Figure 6.17, the system’s nonlinearity based on the 
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Figure 6-17 Effect of the waviness amplitude and the amplitude of oscillations on the 
ratio of nonlinear frequency to linear frequency. 
           In addition, it shows that the system would have a softening behavior when the 
control points are under the line 0y . Accordingly, the nanotube would have the softening 
behavior when the control point is under the mentioned line. So, the softening 
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P                                                                                (6.58) 
        As indicated from the Figure 6.17, by increasing of the initial condition, the 
softening behavior of the system would change to linear vibration and then hardening 
behavior.   It is very interesting result which can be used for controlling of the vibration 
of the Nano resonators.  
Figure 6.18 shows effects of the Pasternak foundation on the ratio of nonlinear 
frequency to linear frequency when the second control point 1P  is above the line 0y . As 
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shown by this figure, by increasing the coefficient of the Pasternak foundation, the ratio 
of nonlinear frequency to linear frequency would decrease.  Moreover, it can be 
concluded by increasing the initial conditions, the ratio of nonlinear frequency to linear 
frequency would increase. 
 
Figure 6-18 Effect of the variation of the Pasternak foundation and the initial conditions 
on the ratio of nonlinear frequency to linear frequency for )1(25.0/ 1  wlr . 
            Figure 6.19 represents effects of the coefficient of the Pasternak foundation on the 
ratio of nonlinear frequency to linear frequency when the second control point 1P is under 
the line 0y . As is evidenced by this figure, there are three different regions for the ratio 
of nonlinear frequency to linear frequency. For the first region which is shown in the left 
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side of the figure, by increasing the Pasternak foundation, the ratio of nonlinear frequency 
to linear frequency would increase. The second region is actually a point in which the 
Nano tube has completely linear vibration and there is no effect owing to the variation of 
the coefficient of the Pasternak foundation on the ratio of nonlinear to linear frequency.   
 
 
Figure 6-19 Effect of the variation of the Pasternak foundation and initial conditions on 
the ratio of nonlinear frequency to linear frequency for )1(25.0/ 1  wlr . 
        Effects of the aspect ratio on the frequency ratio are shown in Figure 6.20 for two 
types of curvatures. As indicated by the figure, for the case of the hardening behavior, by 
increasing the aspect ratio, the ratio of nonlinear frequency to linear frequency decreases. 
Actually, the ratio of nonlinear to linear frequency decreases with an increase in the 
aspect ratio when point 1P  is above the line 0y . When 1P  is under the line of 0y , there 
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are three regions for the ratio of nonlinear frequency to linear frequency with respect to 
the variation of the initial conditions.  As seen from the left side of the Figure 6.20, by 
increasing the aspect ratio, the ratio of nonlinear frequency to linear frequency would 
increase. There is a point in which the system has completely linear vibration and there is 
no effect because of the variation of the aspect ratio. For the third region, the ratio of 




Figure 6-20 Effect of nanotube aspect ratio on the variation of frequency ratio versus 
vibration amplitude for )1(25.0/ 1  wlr (dashed lines) and )1(25.0/ 1  wlr (solid lines). 
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 Chaotic Vibrations of Fluid Conveying Carbon Chapter 7:
Nanotube 
7.1. INTRODUCTION 
      Chaotic phenomena appear when strong nonlinearity exists in the system. Many 
mechanical and electrical systems have been studied to predict chaos in their dynamical 
behavior. Vibrations of buckled elastic structure, magneto-mechanical actuators, 
feedback control devices, laser and nonlinear optical systems, systems with sliding 
friction, large three dimensional vibrations of structures such as beams and shells can be 
listed as the systems in which chaos has been uncovered [103] .  In spite of many 
published papers as to the chaotic phenomena, there are a huge number of systems in 
which chaos exists, but no one discovered it yet in those systems.    
           Recently, researchers focused on the chaotic phenomena in tiny structures, such as 
Nanotubes [68], Nano-resonators [104]  and Microtubes [105]. Albeit, many miniature 
structures exist in which chaos should be investigated.   
This chapter is mainly focused on the chaotic behavior of the vibrations of the fluid 
conveying carbon nanotube.   
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        Nonlocal Euler-Bernoulli model and hinged-hinged boundary conditions are 
assumed for the fluid conveying carbon nanotube.  The governing equation of the 
objective structure is developed based on the Newton’s Law, and then the Galerkin 
procedure is employed to obtain the nonlinear ordinary differential equation of vibration 
of the carbon nanotube. Accordingly, effects of different parameters such as surface 
effect, Pasternak and Winkler foundation, velocity of the fluid is revealed on the 
vibrational behavior of the carbon nanotube. Time histories, phase plane trajectories, 
Poincaré sections and bifurcation diagrams are plotted in order to investigate chaotic 
behavior of the objective structure.  
7.2. MATHEMATICAL MODELLING 
           In this part, vibration of the fluid conveying carbon nanotube is modelled.  The 
governing equation of the considered system is developed in section 7.2.1.  The fluid 
conveying effects is assumed for the objective system. In addition, it is supposed that the 
system has hinged-hinged boundary conditions.  Accordingly, the Galerkin procedure is 
applied in order to find nonlinear differential equation of the objective structure.  
Numerical simulations are carried out in section 7.3 to obtain phase plane trajectories, 
bifurcation diagrams, time histories and Poincaré sections.  
7.2.1. Vibrations of Fluid Conveying Carbon Nanotube 
In this part, the governing equation of the fluid conveying carbon nanotube is 
developed based on the nonlocal Euler Bernoulli beam theorem.  Figure 5.1 shows the 
159 
 
objective structure. Using the Newton’s Law, one could obtain the following equation for 
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       In order to find the discretized equation of Eq. (7.2), the Galerkin procedure is 
employed. In accordance with this procedure for the first mode of vibrations of the CNTs, 
one could have 






  .  After applying the Galerkin procedure to Eq. (7.2), following 
nonlinear ordinary differential equation is developed for the vibrations of the fluid 
conveying CNTs.   
tfqqqq  cosˆ 1
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     (7.5) 
 
 ˆ,3 and 1f  have been formulated in Equations (5.7), (5.8) and (5.9), respectively. 
7.3. NUMERICAL RESULTS AND DISCUSSION 
In order to explore chaotic behavior of the developed system, the bifurcation 
diagrams, phase plane trajectories, time histories and Poincaré sections are plotted.  
Furthermore, in order to have chaotic motion for the targeted system, the negative value 
should be selected for the 1 by adjusting the velocity of the fluid in the carbon nanotube.  
Figure 7.1 represents the bifurcation diagram of the developed system for the velocity 
2250v in which the negative value is observed for the 1 . As shown in Figure 7.1, four 
different points are selected.  Points A, B, C and D represent the periodic, three periodic, 





Figure 7-1  Bifurcation diagram for vibrations of the fluid conveying carbon nanotube
0,/2250  pksmv : A) Periodic behavior (
9
1 10538.7 f ); B) Three periods 
 (
10
1 10198.4 f ); C) Chaotic behavior (
10
1 10777.6 f ); D) Periodic behavior 
( )1098.11
10
1 f . 
 
       As seen from the Figure 7.1, for small values of 1q the system has pure periodic 
behavior till to the value
10
1 1075.2 q .  At that critical point the system moves to have 
periodic-doubling behavior and after that the branches of the bifurcation diagram are 
increased.  For 
10
1 1025.6 q  to 
10
1 10324.8 q the system has extremely chaotic 
behavior.  In order to better explore the dynamical behavior of the considered system, 
phase plane trajectories, time history, and Poincaré sections are separately plotted. Figure 
7.2 shows phase plane trajectories, time history and Poincaré section for point A of the 
Figure 7.1. As evidenced by this figure, the system has completely periodic behavior and 





Figure 7-2 (Left)-phase plane trajectories for point A; (Middle)-time history for point A; 
(Right)-Poincaré section for point A. 
         Similarly, Figure 7.3 shows phase plane trajectories, time history and Poincaré 
section for point B of the Figure 7.1. As evidenced by this figure, three periods are 






Figure 7-3 (Left) - phase-plane trajectories for point B; (Middle) - time history for point 
B; (Right) - Poincaré section for point B. 
       To investigate the chaotic behavior of the targeted system, phase plane trajectories, 
time history and Poincaré section are plotted in Figure 7.4 for point C. As shown by 
Figure 7.4, extremely chaotic behavior is detected for the abovementioned point.  
Analogously, the phase plane trajectories, time history and Poincaré sections are plotted 
for point D of Figure 7.1 in Figure 7.5. The periodic behavior is observed for the 






Figure 7-4 (Left) - phase-plane trajectories for point C; (Middle) - time history for point 
C; (Right) - Poincaré section for point C. 
 
Figure 7-5 (Left) - phase-plane trajectories for point D; (Middle) time history for point D; 
(Right) - Poincaré section for point D. 
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         In order to control the chaos in the system and to have periodic behavior for whole 
range of the amplitude of applied force, a very small value (
910pK ) is considered for 
Pasternak coefficient of the system. Accordingly, the bifurcation diagram is plotted to 
explore dynamical behavior of the fluid conveying carbon nanotube.  Figure 7.6 shows 
the bifurcation diagram of the system considering the Pasternak foundation. As indicated 
from the figure, the system has completely periodic behavior when the Pasternak 
foundation is considered. It can be highlighted that the Pasternak foundation can be used 
for adjusting of the dynamical behavior of the fluid conveying carbon nanotube.  
 
 
Figure 7-6 Bifurcation diagram for the vibrations of the fluid conveying carbon nanotube
910,/2250  pksmv . 
166 
 
        The phase plane trajectories, time history and Poincaré section are also plotted for 
the developed model considering the Pasternak foundations. The periodic behavior is 
observed for the system as indicated in Figures 7.6 and 7.7.  
 
Figure 7-7 (Left) - phase-plane trajectories; (Middle) - time history; (Right) - Poincaré 
section for
910,/2250  pksmv  . 
          It can be concluded that the Pasternak foundation is significantly influential on the 








 Conclusion and Suggestion for Future Research Chapter 8:
8.1. THESIS CONCLUSIONS 
          In the last part of this thesis, the overall conclusions of the research work are 
presented, which are based on the results obtained.  Initially, the nonlinear vibrations of 
the carbon nanotube based on the Euler-Bernoulli beam were investigated. The governing 
equation of the vibration of the objective system has been developed considering Winkler 
and Pasternak foundations.  The Galerkin procedure was then employed to discretize the 
governing equation of the vibrations of the carbon nanotube in order to find the nonlinear 
ordinary differential equations of the carbon nanotube.  
 The hinged-hinged boundary condition and two modes of the vibrations have 
been considered. Subsequently, the multiple scale method was utilized in order to find the 
primary and secondary resonances of the vibrations of the carbon nanotube. Accordingly, 
influence of different parameters, namely, coefficient of Pasternak foundation, length of 
carbon nanotube, thickness of carbon nanotube, and position of the applied forces were 
studied on the primary and secondary resonances of the vibrations of the carbon 
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nanotube. It has been exhibited that increasing of the coefficient of the Pasternak 
foundation results in decreasing of the hardening behavior of the vibrations of the carbon 
nanotube. In addition, an increase in the Pasternak coefficient causes decrement of the 
amplitude of oscillation for both primary and secondary resonances. Furthermore, it has 
been revealed by increasing of the length of the carbon nanotube, the hardening behavior 
of the carbon nanotube decreases. Moreover, it was depicted that by increasing of the 
length of the carbon nanotube, the amplitude of oscillation decreases for the second mode 
of the vibrations.   
 It has been demonstrated that by increasing of the thickness of the carbon 
nanotube, the amplitude of the oscillation increases for both primary and secondary 
resonant cases. In addition, the hardening behavior of the vibrations of the carbon 
nanotube would increase by increasing of the thickness of the carbon nanotube.   
Additionally, it was shown that the highest amplitude of oscillation for the first mode of 
the vibration occurs in the middle of the carbon nanotube. The highest amplitude of the 
oscillation for the second mode of the vibrations occurs in the 0.25 and 0.75 length of the 
carbon nanotube. To reveal the correctness of the obtained results and to test the stability 
of the steady-state solutions, the state-plane graph was plotted for the primary and 
secondary resonant cases. The attraction zone has been detected and it has been shown 
that it is adjacent to the selected points. The stability of the selected points has been 
confirmed for the primary and secondary resonance cases. 
The nonlinear oscillations of the carbon nanotube based on the Nonlocal Euler-
Bernoulli beam were fully investigated. The governing equation of the vibrations of the 
objective system has been developed considering Winkler and Pasternak foundations.     
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The Galerkin procedure was then used to find the nonlinear ordinary differential 
equations of the vibrations of the carbon nanotube. The hinged-hinged boundary 
conditions and two modes of the vibrations were supposed. Free and forced vibrations of 
the carbon nanotube were fully studied. In order to find the nonlinear natural frequency of 
the system, the multiple times scale method was exerted. Afterwards, the aforementioned 
method was employed for finding the primary and secondary resonances the vibrations of 
the carbon nanotube.  Effects of different parameters, namely, surface parameter, length 
of carbon nanotube, thickness of carbon nanotube, and position of the applied forces as 
well as cross section were fully investigated on the natural frequency and the primary and 
secondary resonances of the system.  It has been shown that an increment in the surface 
parameter results in decreasing of the amplitude of the oscillation of the carbon nanotube 
for both primary and secondary resonances.  Moreover, the hardening behavior of the 
objective system would decrease by increasing of the surface parameter.  Additionally, by 
increasing of the initial amplitude of the oscillations, the nonlinear frequency of the 
vibrations of the system would increase.  By increasing the initial conditions, the ratio of 
nonlinear frequency to linear frequency increases for both modes of vibrations. Besides, 
the ratio of nonlinear frequency to linear frequency would increase by decreasing of the 
surface parameter for a given initial conditions.  Also, it has been shown that an increase 
in the length of the carbon nanotube results in decreasing the ratio of nonlinear frequency. 
It was shown that an increment in the length of the carbon nanotube results in a system 
with lower nonlinearity.   
It has been shown when the system has circular cross section it has the lowest 
amplitude of oscillations and nonlinearity. Furthermore, it has been revealed that the 
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bigger elliptical cross section results in more nonlinearity and bigger amplitude of 
oscillations. It was demonstrated that the highest amplitude of oscillations for the first 
mode of the carbon nanotube vibration occurs when the force is imposed at the middle of 
carbon nanotube. For the second mode of vibration, it was seen that the highest amplitude 
of oscillation occurs in the 0.25 and 0.75 length of the carbon nanotube.    
       Vibrations of the curved carbon nanotube based on the Nonlocal Euler-Bernoulli 
beam theory were studied in chapter 4.  It is assumed that the curved carbon nanotube is 
rested on a Winkler and Pasternak Foundation.  The Galerkin procedure was then 
employed to discretize the governing equation of the vibrations of the objective system in 
order to find its nonlinear ordinary differential equations. Different types of boundary are 
supposed for the system and one mode of the vibrations has been considered.  The 
multiple scale method was then used for studying of the primary resonance and the 
natural frequency of the vibrations of the carbon nanotube.  Influence of different 
parameters, namely, coefficient of Pasternak foundation, amplitude of waviness, 
boundary conditions and position of the applied force is studied on the primary resonance 
and linear natural frequency of the vibrations of the system. 
          It has been shown that the lowest and the highest amplitude of oscillations occur 
for the clamped-clamped and hinged-hinged boundary conditions, respectively.  In 
addition, it has been illustrated that an increase in the amplitude of waviness results in the 
decreasing of the amplitude of oscillations.  Moreover, it was concluded that increasing 
of the amplitude of waviness causes lower nonlinearity for the system.   It was 
demonstrated by increasing of the amplitude of waviness, the linear natural frequency 
would increase.  In addition, it can be concluded for the given amplitude of waviness, the 
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clamped-clamped and hinged-hinged boundary conditions have the highest and the 
lowest linear natural frequency, respectively. Furthermore, it was delineated that by 
increasing of the coefficient of the Pasternak foundation, amplitude of oscillation would 
decrease. In addition, it can be highlighted the higher coefficient of the Pasternak 
foundations results in the greater frequency range. Besides, it has been revealed that the 
highest amplitude of oscillation occurs when the force is applied in the middle of the 
curved carbon nanotube for all of the boundary conditions.  
          The nonlinear vibrations of the carbon nanotube considering fluid conveying, 
thermal effects, and the longitudinal electromagnetic field have been developed. The 
governing equations of the systems were developed using the nonlocal Euler-Bernoulli 
beam theory. Firstly, nonlinear governing equation of the vibrations of the fluid 
conveying carbon nanotube was derived. Then, the effect of the temperature variation is 
considered for the vibrations of the carbon nanotube.  In the last section of the chapter, 
the effect of the longitudinal electromagnetic field on the nonlinear vibrations of the 
system was developed. Accordingly, influence of different parameters, namely, fluid 
velocity, boundary conditions, variation of temperature, electromagnetic field, 
electromagnetic permeability, initial conditions and Pasternak foundation were studied on 
the primary resonance and natural frequency of the developed systems. It has been shown 
that by increasing of the fluid velocity the linear natural frequency of the system 
decreases. In addition, it can be concluded, the carbon nanotube which has hinged-hinged 
boundary conditions reaches to zero natural frequency faster than the clamped-hinged and 
clamped-clamped boundary conditions. Accordingly, by increasing of the fluid velocity, 
the system would have unstable behavior. Furthermore, it can be highlighted for a given 
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velocity the clamped-clamped and hinged-hinged boundary conditions have the highest 
and lowest linear natural frequencies. It was concluded for a given velocity acetone and 
water have the highest and the lowest linear natural frequencies, respectively. In addition, 
it can be mentioned that acetone can have the highest velocity in order to have stable and 
periodic behavior. Accordingly, it can be mentioned that the higher fluid density results 
in lower linear natural frequency and lower capacity for the high velocity in order to have 
periodicity and stability. Moreover, it was shown by increasing of the velocity, the 
amplitude of oscillations of the fluid conveying carbon nanotube would increase.  In 
addition, it was represented that the effect of the electromagnetic field in comparison with 
the effect of the coefficient of the Pasternak foundation is negligible on the linear natural 
frequency of the system.  It was concluded by adding the Pasternak term to the 
foundation of the system, influence of the velocity on the linear natural frequency of the 
system can be omitted.  
         The nonlinear vibration of a curved carbon nanotube and the governing equation of 
the objective system, based on the Euler-Bernoulli beam theory, were developed. A new 
form of representation was proposed for the Euler-Bernoulli theory in conjunction with 
Non-Uniform rational B-spline (NURBS). It was mathematically shown that the obtained 
general formula based on the implicit form of curvatures reaches to analogous solution 
with those obtained from explicit forms. The nonlinear ordinary differential equation of 
the curved carbon nanotube was obtained by means of the Galerkin method. The hinged-
hinged boundary conditions were assumed for the single walled carbon nanotube. A 
nonlinear ordinary differential equation was achieved for the vibrations of the curved 
carbon nanotube which includes quadratic and cubic nonlinear terms. The method of 
173 
 
multiple scales was exerted as a tool for analyzing of the frequency response of the 
objective system. Primary resonance case of the system was scrutinized with respect to 
different parameters. Moreover, effects of the applied forces position were fully 
discussed. Based on the abovementioned statement, the following points can be outlined 
as main conclusions of the chapter that a generalized form has been broached for 
analyzing of the curved structures in conjunction with the Euler-Bernoulli beam theory 
and NURBS. The obtained generalized equation has been applied for a highly applicable 
structure, namely, carbon nanotube with semi-circular curvature, and rational Bezier 
curve with two different sets of the control points and weight factors. It has been depicted 
the amplitude of waviness can be used for adjusting of the system nonlinearity. 
Moreover, it has been shown for the case of the rational Bezier arc, by increasing the 
waviness amplitude of the system, the quadratic term of the obtained nonlinear 
differential equation is more influential in comparison with cubic term and so, it would 
have softening behavior. Furthermore, it was represented that by increasing the waviness 
amplitude of the curvature, the amplitude of oscillations would decrease.  The objective 
system has completely hardening behavior when its amplitude of waviness is zero.  
For the case of the free vibration of the carbon nanotube, the following points can 
be highlighted.  It was demonstrated that an increase in the value of the initial condition 
results in increasing of the ratio of nonlinear frequency to linear frequency. Furthermore, 
it was shown the hardening nonlinearity of the system would increase by increasing of 
the waviness amplitude when the second control point is above the line 0y . In addition, 
it was revealed that there are three regions for the variations of the ratio of nonlinear to 
linear frequency when the second control point is under the line 0y . In accordance with 
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that, the system might have softening, linear and hardening behavior. In addition, 
influence of the coefficient of the Pasternak foundation is shown on the ratio of nonlinear 
frequency of the system. It was shown that the ratio of nonlinear to linear frequency will 
decrease by increasing the coefficient of Pasternak foundation when the second control 
point ( )1P is above the line 0y . Adversely, it was found that by increasing the coefficient 
of Pasternak foundation the ratio of nonlinear to linear frequency might either increase or 
decrease when the second control point is under the line 0y .  
The effect of aspect ratio was also fully discussed.  It was demonstrated that the 
ratio of nonlinear to linear frequency would decrease by increasing the value of the aspect 
ratio when the second control point is above the line
0 y
. Moreover, it was presented that 
the ratio of nonlinear to linear frequency might increase or decrease by increasing of the 
value of the aspect ratio when the second control point is under the line 0 y . 
        The chaotic vibrations of fluid conveying carbon nanotube have also been 
investigated.  It has been shown that the fluid velocity plays a key role in dynamical 
behavior of the considered model. Accordingly, there is a range of velocity in which the 
system may have chaotic behavior.  Bifurcation diagrams, phase plane trajectories, time 
history and Poincaré sections have been plotted in order to explore the chaotic motion of 
the targeted system. In addition, it has been shown how the Pasternak foundation can 
adjust the dynamical behavior of the system.  It has been demonstrated the Pasternak 
coefficient can be used for restraining of the chaos in the objective structure.  
175 
 
8.2. SUGGESTIONS FOR FUTURE RESEARCH 
The nonlinear vibrations and chaotic motion analysis of the nano structures is a new 
and very hot topic, and accordingly, there are many unsolved and vague problems for the 
future researchers in this area. The following outline is provided as suggestions for the 
future research: 
1. Timoshenko beam theory can be utilized for analyzing of the nonlinear  vibrations 
and chaotic motions in  carbon nanotube considering different parameters, namely 
large oscillations, Winkler and Pasternak foundations, geometrical imperfections, 
fluid conveying, thermal and electromagnetic effects.  
2. The proposed method based on the NURBS and Euler-Bernoulli theory for the 
non-uniform structure can be employed for a large number of wavy structures.  
3. Timoshenko beam theory can be combined with the NURBS for the vibration 
analysis of the curved structures.  
4. The theoretical results obtained from the thesis can be used for the sensitivity 
analysis of the nano and bio sensors.  
5. The nonlinear vibrations and chaotic motions of the piezoelectric based carbon 
nanotube resonators can be investigated using the developed theory of thesis for 
the curved structures.  
6. The molecular dynamic simulations can be implemented in order to study 
vibrations of different types of carbon nanotubes.  
7. The experimental set can be used for the vibrations analysis of the proposed 
models of the present work. 
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8. The fluid conveying carbon nanotube resonators can be investigated as a tool for 
supplying energy in a desired system. 
9. Chaotic motions and nonlinear vibrations of the buckled nanostructures, 
specifically carbon nanotubes can be considered as a good topic for future 
research.  
10.  The vibrations and chaotic motions of the piezoelectric based FGM carbon 
nanotubes can be also investigated as a new topic for the future researchers.  
11. The Casimir, Van Der Waals, and the electrostatic forces can highly influence the 
vibrations of the CNTs. Actually, they can be significantly nonlinear and 
influential on the vibrations of the nano resonators and accordingly, it would be 
interesting to consider the above forces for the developed models of thesis or for 
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